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Abstract 

We develop Yang-Baxter integrability structures connected with the quantum affine su- 
peralgebra U q (sl(2\l)). Baxter's Q-operators are explicitly constructed as supertraces of 
certain monodromy matrices associated with (g-deformed) bosonic and fermionic oscillator 
algebras. There are six different Q-operators in this case, obeying a few fundamental fusion 
relations, which imply all functional relations between various commuting transfer matrices. 
The results are universal in the sense that they do not depend on the quantum space of 
states and apply both to lattice models and to continuous quantum field theory models as 
well. 
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1 Introduction 



The method of the Q-operator, introduced by Baxter in his seminal paper [1] on the exact 
solution of the eight-vertex model, finds many applications in the theory of integrable quantum 
systems. Its relationship to the algebraic structure of quantum groups [2,3] was unraveled in [4,5]. 
This method does not require the existence of the "bare" vacuum state and therefore has wider 
applicability than the traditional approaches to integrable systems such the coordinate [6] or 
algebraic Bethe Ansatz [7]. 

Here we consider integrable models of statistical mechanics and quantum field theory as- 
sociated with the quantum affine superalgebra U q (sl(2\l)). The fundamental i?-matrix serving 
these models was found by Perk and Schultz [8], 



R(x) = q 



( q en _ X geii 2 1 — q)q 2xe2i (q 1 — q)q 2 xe%\ ^ 

(q' 1 - q)e\2 q~ e22 - xq e22 ~^ (q~ x - q)q~^xe 32 

\(q~ 1 -q)ei3 (q~ 1 -q)e23 q e33 - xq~ e33 ~^ J 



(1.1) 



where eij is a 3x3 matrix whose (k, I) element is 5^6 j\. It defines an "interaction-round-a- vertex" 
model on the square lattice with three different states, s = 1,2,3, for each lattice edge. The 
states "1" and "2" will be referred to as bosonic (even) states and the state "3" as a fermionic 
(odd) state. We will call this model as the 3-state <7/(2|l)-Perk-Schultz model or just as the 
"3-state model". It is worth noting that the paper [8] contains more general /^-matrices with 
an arbitrary number of states per edge associated with the U q (sl(m\n)) superalgebras. We also 
remark that closely related i?-matrices for the non-graded case of U q (sl(m)) were previously 
given by Cherednik [9]. 

The edge configurations of the whole lattice in the 3-state <7/(2|l)-Perk-Schultz model obey 
simple kinematic constraints, analogous to the "arrow conservation law" in the ordinary 6-vertex 
model. Here we consider the periodic boundary conditions in the horizontal direction. Then for 
every allowed edge configuration the numbers 7771,7772,7773, counting the edges of the types "1", 
"2" and "3" in a horizontal row are the same for all rows of the lattice. The row-to-row transfer 
matrix of the model reduces to a block-diagonal form, where the blocks are labeled by these 
conserved numbers. Note that, mi + m,2 + = L, where L is the horizontal size of the lattice. 

The spin chain Hamiltonian connected with the <?/(2|l)-Perk-Schultz model describes the 
trigonometric generalization [8, 10, 11] of the supersymmetric t-J model [12]. Both models 
(rational and trigonometric, and also their multicomponent analogs) were studied by many 
authors (see for example, [13]- [48]). Owing to the edge- type conservation properties discussed 
above these models can be solved via the "nested" Bethe Ansatz [12,13]. The problem of the 
diagonalization of the Hamiltonian is then reduced to the solution of certain algebraic equations, 
called the Bethe Ansatz equations, where the number of unknowns depends edge occupation 
numbers 7771,7772,7723. It is important to note that the integrability of the model is not affected 
by an introduction of two arbitrary "horizontal fields" (or "boundary twists" ) which requires only 
simple modifications to the transfer matrix and to the Hamiltonian. We found this generalization 
to be extremely useful. In the following we will always consider the non-zero field case. 

It was remarked many times [23,24,34,39,44,45,49-51] that there are equivalent, but different, 
forms of the Bethe Ansatz in the model. In fact, it is easy to argue that there are precisely 3! = 6 
different Bethe Ansdtze in this case. They are related by permutations of the occupation numbers 
777-1,7712,7723. Indeed, there are three ways choose the bare vacuum state and then two ways to 
proceed on the second "nested" stage of the Bethe Ansatz. Of course, the super-symmetry does 
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not play any special role in this respect. Exactly the same counting also takes place for all 
models related with U q (sl(3)) algebra, see [52,53]. It is important to realize, however, that the 
above arguments fully apply only to a generic non-zero field case. If the fields are vanishing (or 
take some special values) then only a few of these Bethe Ansatze are well defined, while the other 
suffer from the "beyond the equator" problem, first encountered in [54] for the XXX-model. 

The three-state g/(2|l)-Perk-Schultz i?-matrix is just one representative of an infinite set 
of i?-matrices associated with the U q (sl(2\l)) algebra. These i?-matrices can be constructed 
as different specializations of the universal i?-matrix. In particular, there are the so-called 
fusion [55] i?-matrices related to the matrix representations of the finite-dimensional algebra 
Ug(gl(2\l)). Other important /^-matrices connected with the (g-deformed) oscillator algebras 
and continuous quantum field theory. There are two ways this variety could be used. First, one 
can consider models with different quantum spaces of states. Second, for the same quantum space 
there are "higher" or "fusion" transfer matrices corresponding to different finite-dimensional 
representation of U q (gl (2\1)) in the "auxiliary" space. All these transfer-matrices are operator- 
valued functions of a (multiplicative) spectral variable "x". We will call them the T-operators. 
The T-operators with different values of x form a commuting family of operators. They satisfy a 
number of important functional relations, called the fusion relations (see eqs, ()3.12p below). For 
the case of U q (sl(2\l)) related models a complete set of these relations was proposed in [33-35] 
(see also, [28,30,45,46,56,57]). However, a direct algebraic proof of these relations in full 
generality, i.e., for an arbitrary quantum space and a generic value of the deformation parameter 
q, was not hitherto known. Here we fill this gap. 

The precise form of the functional relations, obviously, depends on the normalization of the 
T-operators. Here we use a distinguished normalization determined by the universal i?-matrix 
(see Eqs. (|2.19p and (|2.39[) below). The functional relations then take a universal form, which 
do not contain various model-dependent scalar factor. Such factors are usually present in the 
transfer matrix relations in lattice theory. To restore these factors in our approach one needs to 
explicitly calculate the specializations of the universal 72-matrix for particular models. Here we 
compute these factors for the 3-state lattice model and in the case of the continuous conformal 
field theory, arising in quantization of the AKNS soliton hierarchy [58] . 

An important part in the theory of integrable quantum systems is played by the so-called 
Q-operators, introduced by Baxter in his pioneering work on the eight-vertex model of lattice 
statistics [1]. The Q-operators belong to the same commuting family of operators, as the T- 
operators. In this paper we present a complete algebraic theory of the Q-operators for the 
models related with U q (sl(2\l)) algebra. There are six different Q-operators in this case. We 
denote them as Q»(z) and Qj(x), i = 1,2,3. They are single-valued functions in the whole 
complex plane of the variable of x, except the origin x = 0, where they have simple algebraic 
branching points, 

Q k (e 2m x) = e 2 ^Q k (x), ® k (e 2m x) = e~ 2m ^ Q k (x), k = 1,2, 3, (1.2) 

Here Si, §2 and S3, such that Si + §2 + §3 = 0, are constant operators (acting in the quantum 
space) given by certain linear combinations of the Cartan generators of U q (sl(2\l)) and external 
field parameters. They commute among themselves and with all the other operators in the 
commuting family. Their eigenvalues S« are conserved quantum numbers, which in the case of 
the 3-state lattice model reduce to the edge occupation mi, m<i and 7713, mentioned above (see 
Eq.lHSH below). 

From an algebraic point of view the Q-operators are very similar to the transfer matrices. 
They are constructed as traces of certain (in general, infinite-dimensional) monodromy matri- 
ces, arising as specializations of the universal i?-matrix to the representations of the fermionic 
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and bosonic q-oscillator algebras. Using some special decomposition properties of products of 
these infinite-dimensional representations we show that the Q-operators satisfies a few funda- 
mental functional relations. There are four independent Wronskian-type relations between the 
Q-operators, 



;i.3) 



C12 = c 13 q 1 (q + 2x)Q 1 (q-2x)-c 23 q 2 (q + ^x)q 2 (q-2x) 

C12 = c 13 Q 1 (q-^x)Q 1 (q + ix)-C23Q2(q~^x)Q 2 (q + ^x), 

c 2 iQ 3 (x) = Qi(qx)Q 2 {q- 1 x)-Q 1 (q- 1 x)Q 2 (qx), 

ci 2 Q 3 (x) = Qi(qx)Q 2 {q- 1 x)-Q 1 (q- 1 x)Q 2 {qx), 

where Cjj = (z{ — Zj)/^z[Zj, with Z\ = q 2Sl , z 2 = q 2Si and z 3 = z\ z 2 = q~ 2Ss . 

The fusion transfer matrices are expressed as polynomial combinations of the Q-operators. 
In particular, the fundamental transfer matrix (corresponding to the three-dimensional repre- 
sentation in the auxiliary space) is given by 

C12 T(x) = ci 3 Qi(g5x)Qi(9~M " c 23 Q 2 {q S ix)Q 2 {q-'ix) (1.4) 



With an account of (jl.3p the last formula can be transformed to any of the six equivalent forms 

rip/ \ Q t .(q- p ^x) Q l (qP' +2 ^- 1 2x)Q k ( q ^- 1 2x) Q^g^+^x) 

Qi(q Pl ~x) Q l (q p ^x) ® k (q pi+ V-*x) Q k (q Pi+p ^x) 

where Pi = p 2 = —p 3 = 1 and (i,j,k) is any permutation of (1,2,3), which are the standard 
Bethe Ansatz type expressions for the transfer matrix. All the above functional relations are 
written in the normalization of the universal i?-matrix (used for both T and Q operators). They 
can be easily adjusted for the traditional normalization in the lattice theory, where the corre- 
sponding eigenvalues T(x) and Q«(x) and Qi(x) become finite polynomials of x. For instance, 
for the 3-state lattice model 

-i-/ \ a 2p ,-l , Q t (q- p ^x) i QW+^-h) Q k (<f'-*-*x) 
\{x)=pi\{q Pl 2i — = VpjHq 2 x) — — = — 

Qi(q pi -*x) Qi(q pi -*x) Q fc (9»^-3x) 

, f / —I v Qk(q p ^ +2p ^x) 

+p k f(q 2 X ) — — — - (1.6) 



where f(x) = (1 — x) L and 

Qi(x) = x s * J](l - xjxfX Qi(x) = x" s * [1(1- x/xf). (1.7) 



mi L—rrii 



£=1 1=1 



The zeroes {x^}, I = 1, 2, . . . , mj and {x^}, I = 1, 2, . . . , L — rrii, i = 1,2, 3, satisfy the Bethe 
Ansatz equations, 

Pi f(q +p > xf) Qi{q +2p ixf) Q k (q-^xf) 



pj ffcr* ajf ) Qi(<r 2p # } ) Q fc (g+^xf 

Pi _ Qi(q'^x { e k) ) Q k {q +2 ^xf 



Pk QM+Poxf^Quiq-^xP) 



1,2,... ,L- mi 



1,2,..., m k (1.8) 
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where, as before, (i,j,k) denotes an arbitrary permutation of (1,2,3). Further, the eigenvalues 
of Si, S2 and S3, entering the exponents in (|1.7|) . are given by 

2Si=L-mi + bi, 2S 2 = L-m 2 + b2 2 S 3 = -L - m 3 - b>i - b 2 , (1.9) 

where mi and TO2 and 771,3 = L — mi — 777,2 are the edge occupation numbers, and t>i and b 2 are 
arbitrary field parameters. 

Eqs. (jl.8p provide six self-contained sets of the Bethe Ansatz equations only involving zeros, 
belonging to a pair of the eigenvalues (Ai(x), Aj(x)), i ^ j. Once any such pair is determined, 
the remaining zeroes can be found from the functional equations 

The organization of the paper is as follows. The algebraic definitions of the i?-matrices, 
transfer matrices and Q-operators are given in Section [2j This section also contains neces- 
sary information about the representation theory of U q {sl{2\l)). The functional relations are 
presented in Section [3j Their applications in continuous quantum field theory and their con- 
nections to the spectral theory of ordinary differential equations are considered in Section [H 
A direct algebraic proof of the functional relations is given in Section [5j Technical details of 
calculations are removed to four Appendices. 

Some of our results in Sect. [3] partially overlap with those in [44] devoted to some models 
in the rational case q = 1. Our approach to the Q-operators is different from that of [44]; in 
particular, it is applicable for an arbitrary quantum space and to generic values of q. 



2 Yang-Baxter equation, transfer matrices and Q-operators 

2.1 The universal i?-matrix 

The quantum affine algebra A = U q (sl(2\l)) [59] (see also [60]) is generated by the elements 
ho,hi,ti2, eo,ei,e2 and fo,fi,f2, which are of two types: "fermionic" and "bosonic". The 
elements eo,e2,/o,/2 are fermionic, while all the other generating elements are bosonic. It is 
convenient to assign the parity 

n (y\_\ 1> X = eo,e 2 , fo, f2, / 91 N| 

PlAj -\ 0, X = e 1 ,f 1 ,h ,h 1 ,h 2 , [Z ' l) 

such that 

p(XY) = p(X) + p(Y) (mod 2), X,Y e A, (2.2) 
and introduce the generalized commutator 

[X,Y] q =XY -(-ly^^qYX. (2.3) 

Note, in particular, that [X, Y] = [X, Y]\ is reduced to the ordinary commutator when at least 
one of the elements X, Y is even and to the anti-commutator when both of them are odd. The 
algebra U q (sl(2\l)) is defined by the following commutation relations 

[hi, hj] = 0, [hi,ej] = aijej, [hi, fj] = -aijfj, [e i} fj] = 5ij - - , (2.4) 
where i,j = 0, 1,2, the Serre relations 



e 



j = fj = [ei, [eue^-i], = [ft, [h, = 0, j = 0, 2, (2.5) 
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and the extra Serre relations 

[eo, [e2, [e , [e 2 , ei] g -i]]] g = [e 2 , [e , [e 2 , [e , ei] g -i]]] g , (2.6) 

[/o, [/ 2 , [/o, [h, h] q -A% = If2, [fa, [/2, [fo, h] q -i]]] q • (2-7) 
As usual, (aij) denotes the Cartan matrix 

/ -1 1 \ 

K)o<i,j<2 = -1 2 -1 , (2.8) 
V 1 -1 J 

Note, that the sum 

k = h + h 1 + h 2 , (2.9) 

is a central element, commuting with all other elements of the algebra. In this paper, we consider 
the case k = 0. 

The algebra A = U q (sl(2\l)) is a Hopf algebra with the co-multiplication 

A: A — >A® S A (2.10) 

defined as 

A(hi) = hi® s l + l® s hi, 

A(e<) = ei ® s 1 + q hi ® s e i; (2.11) 
A(/i) = /i ®, g"^ + 1 ® s /», 

where i = 0, 1, 2 and ® s denotes the graded tensor product, such that 

(A ® s B){C ® s D) = (_i)p(s)p(C) AC 0s B£) (2.12) 

There is another co-multiplication A' obtained from (12. lip by interchanging factors of the direct 
products, 

A' = (to A, (io(I® s y) = (-l)P™%0 s I, X, y € A (2.13) 

The Borel subalgebras B + C .4 and £>_ C .A are generated by ho,h%,h2,eo,ei,e2 an d 
/io, hi, /i 2 , /o, /i, /2) respectively. There exists a unique element [61,62] 

1Z £ B + ® B- , (2.14) 

satisfying the following relations 

A' (a) K = U A(a) (Va£i), 
(A<g) 8 l)ft = ft 13 ft 23 , (2.15) 
(1<8> S A)7£ = ft 13 7£ 12 

where 7£ 12 , ft 13 , ft 23 £ A® S A® S A and -ft 12 = K ® 1, ^ 23 = 1 ® ft, ft 13 = (a ® 1) ft 23 . The 
element ft is called the universal i?-matrix. It satisfies the Yang-Baxter equation 

^12^13^23 = ^23^13^12 ^ ^ ^ 
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which is a simple corollary of the definitions (|2,15|) , The universal i?-matrix is understood as a 
formal series in generators in B+ (g> B-. Its dependence on the Cartan elements can be isolated 
as a simple factor, 

n = Hq K , K = -ho®h 2 -h2®h , (2.17) 
where the "reduced" universal i?-matrix 

TZ = series in (e 3 - ® 1) and (1 ® /_,•) , (2.18) 

is a series in (e-,- ® 1) € £>+ ® 1 and (1 (8) £ 1 ® 0_, j = 0, 1, 2, and does not contain Cartan 
elements. Remind that we assume k = ho + h\ + h 2 = 0. A few first terms in (|2.18p can be 
readily calculated directly from the definitions (12. 14ft and (|2.15|) . 

K = 1 - (q - q^) Y J {-l) p ^e j ® s + (g ~f" 1)2 (ei) 2 ® s (/i) 2 

3=0 q 

HQ - q' 1 ) E { e ^ ®° M ~ (-l) p(i)p(i) ^ ay eie,' ®s fifj} + ■■■ , (2.19) 

The symbol p(j) denotes the parity of the corresponding element e,-, namely 

p(0) = p(2) = 1, p(l) = 0. (2.20) 

The higher terms in (|2.19p soon become very complicated and their general form is unknown. 
This complexity should not be surprising, since the universal i?-matrix contains infinitely many 
nontrivial solutions of the Yang-Baxter equation associated with U q (sl(2\l)) . Fortunately, for 
applications one only needs certain specializations of universal i?-matrix, which can be calculated 
explicitly . Almost all these specializations are associated with the evaluation homomorphisms 
from the infinite-dimensional algebra U q (sl(2\l)\ (and from its Borel subalgebras) into finite- 
dimensional algebras. The most important case is the evaluation map to the finite-dimensional 
quantum algebra U q (gl(2\l)) . This algebra is generated by the elements En, i = 0, 1,2 and Eij, 
= (1, 2), (2, 1), (2, 3), (3, 2), for which we also use the notations 

E a = E12, Ep = E 23 , F a = E 2 \, Fp = E 32 , (2-21) 

and 

H a = En — E 22 , Hp = E22 + E 33 , H a+ p = En + E33. (2.22) 

The elements Ep and Fp are odd, p(Ep) = p(Fp) = 1, all other generators are even. They satisfy 
the following relations (written with the generalized commutator (|2.3p ) 



q H <*i — q H a 

[Eu,Ejj] = 0, [Eu,E kl ] = (5ik — 5u)E k i, [E ai ,F a A = 8 aiia . — r — 



Ep — Ep — [E a , [E a , Ep]„-i] q — [F a , [F a ,Fp] q -i) q — 0, 



(2.23) 



J f3 — 1 p — L-^a: L-^«J ^fflq-'-lq ~ V 1 on a j p J q~ 

where the Greek indices aj and atj take two values a or (3. Introduce the following elements 

E n = q E22+2Es3 [Ei2,E 2 3] q , E 3 i = [E 32 ,E 2 i] q -x q ~ E ^ E ™ (2.24) 
£13 = q- E ™~ 2E ™ [E 12 , E 23 ] q -i , E31 = [E 32 ,E 2 i] q q E ™+ 2E ™ (2.25) 
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Let a; be a complex (spectral) parameter. Define the evaluation map 



Ev x : U q (sl(2\l)) — l7,Gtf(2|l)) 

as follows, 

Ev x (/i ) = --En - #33, Ev x (/j,i) = Eii - E 2 2, Ev a; (/i2) = E 22 + E 33 , 

Ev a .(e ) = -xE 3 x, Ev 2 (ei) = E 12 , Eva.(e 2 ) = E 23 , (2.26) 

Ev x (/ ) = x- 1 E 13 , Ev x (/i) = E 2 i, Ev x (/ 2 ) = E 32 . 

One can check that this map is an algebra homomorphism as all the defining relations (j2.4j) -f f277T) 
becomes corollaries of (|2.23| *l 

A brief introduction into the representation theory of U q (gl(2\l)) is given in the Appendix lAl 
We also summarize some important facts here. Let tt^, with \x = (/ii, //2j ^3), such that ^1 — ^2 £ 
Z>q, denotes the irreducible finite-dimensional representation of the U q (gl{2\\)) with the highest 
weight fj, and the highest weight vector |0 > defined as 

E12 |0 >= E 23 |0 >= 0, E u \0>=m\Q>, i = l,2,3. (2.27) 

Any such representation is realized by linear transformations End(V) of some graded vector 
space V = Vo © V±, where p(Vq) = and p(V±) = 1. The latter is always a subspace of the 
vector space generated by a free action of the elements E21 and E32 on the highest weight vector 
(note that the action of E32 changes the parity, while the action of E21 leaves it unchanged). 
There are bases of V, called homogeneous, where all basis vectors {vi} have definite parities, 
i.e., Vi £ Vo or V{ G V\ for any v^. Let A be an arbitrary matrix A £ End(V), and Aij denote 
its matrix elements in a homogeneous basis Avp. = v j ^-jk- The supertrace of A over V is 
defined as Stry^ = V ; ( \y r A n . 

Further, let tt^(x) be the representation of U q (sl(2\T)) obtained by the composition of 
with the evaluation map (12.261) , 

= tt m o Ev x . (2.28) 
Then the finite-dimensional i?-matrices, obtained from the universal i?-matrix, 

R fllt t 2 (x 1 /x 2 ) = (tt w (si)® 7r w (x 2 ))[ft] (2.29) 
satisfy appropriate specializations of the Yang-Baxter equation (|2.16p . 
Rftl/ij (^l/^) R/iKts (^1/13) R W /i3 t^/^) = 'Rn2n 3 (x2/x 3 ,)K lill j l3 (xi/x3)R l j llli2 (xi/x2) (2.30) 



2.2 T-operators (transfer matrices) 

First, let us review standard definitions of the transfer matrices in lattice models. The i?-matrix 
R^ v (x), defined in (|2.29j) . acts in the graded product of two representation spaces ® s V v . It 
is convenient to consider the first of these spaces as an "auxiliary space" and the second one as 
a "quantum space". The transfer matrix for a homogeneous periodic chain of the length L is 
defined as follows, 

T M (a;|i/, y, L) = Str^ M (D R^ v (x/y) ® 5 R^x/y) ® s • • • ® s R M „(a/j/) ) , (2.31) 

L— times 

1 Note there is another (non-equivalent) evaluation map obtained from (|2.26|l . if -E31 and -E13 are replaced with 
E31 and E13. 
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where the tensor product is taken with respect to the quantum spaces V v = n u (y), while the 
matrix product and the supertrace is taken with respect to the auxiliary space = TT fl (x). 
The boundary operator D reads 

D = g b l- B ll+ b 2- B 22 + (bl+b2)-E 3 3 _ r ^-bl /l +b 2 h 2 j ^ 32) 

where En, E22, -E33 are defined in (|2,23p and bi,b2 denotes two arbitrary horizontal field pa- 
rameters. The transfer matrix (|2.3ip acts in a Hilbert space 

T^xlv, y, L) : H {u) -> H {u \ H M = V v % a V v % s --- ® s V K , (2.33) 

L— times 

which is the graded product of L copies of the space V u = 7T v (y). 

The symbols \i and v in the notation for the transfer matrix T„(ic|z/, y, L), obviously, refer 
to the auxiliary and quantum spaces respectively. For the same quantum space «M there 
is an infinite number of different transfer matrices, corresponding to different choices of the 
representation jjl in the auxiliary space. The Yang-Baxter equation (|2.30p implies that these 
matrices form a commuting family 

[T Ml (xi|^,y,L),T M2 (x 2 |^,y,L)] = 0, for all m, \i%,x\,xi. (2.34) 

Note that due to the invariance property of the i?-matrix (which trivially follows from (|2.1ip 
and the first relation in (|2.15p ) 

(D M ® a D J/ )R^ I/ (s) = R |M ,(s)(D A4 ® s D w ), D^ = vr /t [D], (2.35) 

the commutativity (I2.34|) is not affected by the presence of non-zero fields in definition (I2.31|) . 

Below we will derive algebraic relation between different transfer matrices, using decompo- 
sition properties of products of representations of the quantum affine super algebra U q (sl(2\l)) 
in the auxiliary space. We would like to stress that our results are independent on the quantum 
space of the model. To facilitate these considerations it is useful to make a model-independent 
definition of the transfer- matrices, 

T„(aO = {Str Mx) ® 1) [(g-bifco+bsfe 3 1)n j (2 36) 

where 1Z is the universal i?-matrix, and bi and b 2 are the external field parameters. This formula 
defines a "universal" T-operator which is an element of the Borel subalgebra B- associated with 
the quantum space. To specialize it for a particular model one needs to choose an appropriate 
representation of For example, choosing the latter to be the product n u (y) ® s ir u (y) <S> S 
• • • <8> s ^u(y), where ir v (y) is defined by (|2.28j) . one immediately obtain^! the lattice transfer 
matrix (j23T]) 

T^(x\u,y,L) = ( rr u (y) ® s ir u (y) ® s • • • ® s 7iy(i/) ) T^(x) . (2.37) 

L— times 

Another important example of the specialization of (|2.36[) . related with the continuous super- 
conformal field theory associated with U q (sl(2\l)) algebra, is considered in Section [H 
It is convenient to define new operators 



2 To evaluate the RHS of (|2.37[l one needs to repeatedly use the third equation in (|2.15|l . 
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which are elements of the same Borel subalgebra The definition (|2.36|) can be then rewritten 



as 



T M (x) = (Str^j ® 1) [(1 ® zO"^® 1 ) (1 ® z 2 )(^D ft] (2.39) 



where 7?. is now the reduced universal i?-matrix from (|2.17p . The last formula looks a bit 
cumbersome, so in the following we will use shorthand notations and simply write 

T fl (x)=St^ {x) [z^z^n] (2.40) 

but assume the same meaning as in (|2.39p . 

Now define special notations for the most important T-operators (|2.40p . associated with 
rectangular Young diagrams. We denote them as Tm\x), where m > is the length and a > 1 
is the height of the corresponding Young diagram, namely, 

(i) the operator Tm(x) corresponding to the (2m + l)-dimensional class-2 atypical represen- 
tations with the highest weight fi = (m, 0,0), 

Tg)(x)=T {mm (x), mGZ> . (2.41) 

(ii) the operator (x) corresponding to the (2m + l)-dimensional class- 1 atypical represen- 
tations with the highest weight [i = (—1, — m,0), 

T^\x) = T^l^x) = -T ( _ 1) _ m>0) (x), m G Z>o . (2.42) 

(iii) special notations to the operators T(x) and T(x) corresponding to the 3-dimensional rep- 
resentations (m = case in (i) and (ii) above) 

T(x) = T?(x) = T (1A0) (x), T(x) = T?(x) = T { H(x) = -T ( ^ m (x) (2.43) 

(2) 

(iv) the operator Te (x) corresponds to the 4-dimensional typical representation tt^(x) with 
the highest weight fx = (c, c, 0), where the parameter c G C is not necessarily an integer 

T( 2 )(x) = T (CiCi0) (x( ? c+1 ), ceC. (2.44) 

It is convenient to define also 

T?\x)=T ( ?l_ l (x) (2.45) 

For c = or c = - 1, the representation vr( C Cj0 )(x) becomes reducible (but still indecomposable). 
As a result one obtains 

T { q\x) = T {2 l(x) = 1 - if } (x), T{, 2) (x) = T {2 l(x) = 1 - t[ 1} (x). (2.46) 

Note also that the case m = in (|2.4ip and (|2.42p corresponds to trivial one-dimensional 
representations, so that 

T«(x) = l, !f(i)El, (2.47) 
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2.3 Q-operators 

An important part in the theory of integrable quantum systems is played by the so-called 
Q-operators, introduced by Baxter in his pioneering work on the eight-vertex model of lattice 
statistics [1]. From the algebraic point of view these operators are not much different from the T- 
operators. They are also constructed as supertraces of certain (in general, infinite-dimensional) 
monodromy matrices. This is essentially the idea of Baxter's original work [1], which has been 
further developed in [4,5]. In order to construct the Q-operators this way one needs to find 
alternatives to the evaluation map (|2.26p . Each side of the Yang-Baxter equation (|2.16p is an 
element of B + ® S A® S B_. Therefore to obtain a specialization of this relation it is not necessary 
to have a realization of the full quantum affine superalgebra in all three factors of the direct 
product. For example, in the first factor one only needs to construct a realization of the Borel 
subalgebra B+. The evaluation map (|2.26p is a particular, but not the only example of such map. 
Below we construct several maps from B + into the graded direct products (|2.12p of oscillator 
algebras. 

Define the bosonic g-oscillator algebra H g , 

H 9 : [H b , b±] = ±b ± , qb + b~ - q- l b~b + = - , [6 ± , b±] = (2.48) 

and the fermionic oscillator algebra F, 

F: [n f ,f ± i = ±f ± , / + r+r/ + = i, (/ + ) 2 = (r) 2 = o, (2.49) 

The Fermi operators / + and / — are odd, p(/ + ) = p(/~) = 1; all the other generators are even. 
Define the following three maps. The first one is 

px{x): 6+^H,®F (2.50) 

where x is the spectral parameter, 

e 1 ^b+q H2 , e 2 -» -q? q' H ' 2 b± f 2 + , 
{ (2.51) 
h\ — ► 27i\ + Ti.2, h% — > —H\ — Ti.2- 




The second one 



p 2 (x): B + ^F®H q (2.52) 




q2 X q n2 f 1 b^, ei^6 2 , e 2 ^ffq H2 , 
h\ — > —T~ii — 27^2, h>2 — ► Ti.2- 



(2.53) 



B+^F® S F (2.54) 



eo - 


+ xf+q- n2 , 


ei - 


-> q 


h - 


-* —Ti2, 


hi - 





Tti+Tt 2 , hz—tTix. 



(2.55) 
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The indices 1 and 2 above refer respectively to the first and second factors in the tensor products 
(12301) . (12321) and (J23J). 

The operators Qi(x) are defined similarly to the T-operators (12,40p . 



i(x) = x h > Ai(x), Ai(x) = Z i Str pdx) 



-ho Jil 



1,2,3, 



where §j, i = 1, 2, 3 are defined in (|2.38[) and the normalization constants read 



Str 



-ho Jl2 



(2.56) 



(2.57) 



The trace is now taken over the Fock space representations of the g-oscillator superalgebras 
involved in the maps Pi(x). An important property of the definition (|2.56|) is that the super- 
trace therein (normalized by the constants Z{) is completely determined by the commutation 
relations (|2.48p and (|2.49p and the cyclic property of the supertrace, so the specific choice of 
the representations in (|2.56p is not important as long as the supertrace exist. (Notice that the 
representations of the bosonic (/-oscillator algebra (|2.48p are infinite-dimensional so the question 
of convergence should be kept in mind. There is no real problem here, the convergence can 
always be achieved with a proper choice of the external field parameters bi 5 2- See Sect J5.2.31 for 
further details). 

The remaining three operators Qi(x) are defined in a similar way 



Qi(x) = x- s > Ai(x), Ai(x) = Zr l Str Mx) 
where normalization constants read 



y -h h 2 



z' t2 K 



1,2,3, 



Zi = Str- 



-ho J12 



and the corresponding maps Pi(x) are defined as follows. The first one 

p x (x) : B + -» H q <g> F 



is given by 

PiO) : 
The second one 
is given by 

p 2 (x) : 
And the third one 
is given by 

03 0*0 : 



e -> x 



/+, e x ^b- x q n \ 



e2 



-q 2q 



/io — * His hi ~~ * — 2Hi — Hi) h 2 — ► T~ii + Ti.2- 
p 2 (x): B+^F®H, 




-q 2 xq H2 f^b 2 , ei -» fcj", 

-Til — Ti.2, hi — > 7i\ + 2H.2, 



e2 -> fi 



iH 2 



-n 



2- 



ft* 0*0 

eo xf x q- H2 



hn 



H.2, 



ei^-qh^fffr/b-q- 1 ), - /+, 
h\ — > — 7^2; ^2 — * — Wi. 



(2.58) 
(2.59) 
(2.60) 

(2.61) 
(2.62) 

(2.63) 
(2.64) 

(2.65) 
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2.4 Lattice i?-matrices 



As an illustration of the above construction consider all specializations of the universal R- 
matrix related to the 3-state model (jl.ip . We postpone details of calculations to a separate 
publication [63], but present the final results here. 

Below we will fix the (local) quantum space at each lattice site to be the 3-dimensional 
evaluation representation 7r( 10i o)(<Z 5 ) with the weight /x = (1,0,0) and the spectral parameter 
qz, as defined in (|2,28p . First consider the L-operator, obtained as 



L(x) = N'(x) (Ev x ® s 7T {1A o)(g5)) [n] 



(2.66) 



where Ev x is the evaluation map (I2.26|) and N' is a normalization factor. It is convenient to 
present this operator 

3 

L = Lij ®, ey, Lij G U q (gl(2\l)) (2.67) 

where (eij)ki = 5ik$jl is the matrix unit, in the form of a 3 x 3 matrix, acting in the quantum 
space, 

L\\ L\2 ^13 \ 

L 2 \ L 2 2 L 2 3 , (2.68) 
—L31 —L32 £33 J 

whose entries are operators belonging to the finite-dimensional algebra U q (gl (2\1)) (the reader 
should pay attention to the signs in (12.68P ). Remind that the relevant parities are p(Ljk) = 
p(ejk) = p(j) + p(k) (mod 2), and p(l) = p{2) = 0, p(3) = 1. The operators Lij act in the 
auxiliary space. With a suitable choice of the normalization factor N'(x) one obtains (cf. [64]) 



/ 



L(x) 



Cq~ 



-a g CEi2 1 



(2 II 



-En 



V 



--E33 E 



13 



-q2 a q xq 
Cq ~E 22 

-a q CE 2 3 q~ E22 



f2 X 1 



21 



E22 



-q 2a q xCE 3 iq 



E S3 \ 



1 2 a q x q E22 E; 



Cq E33 



qi xq 



32 

E33 



(2.69) 



where a q = (q — q x ) and 

C = ^11+^22+^33 (2.70) 

is a central element of the algebra U q {gl{2\\)). Note that matrix elements of L(x) are first order 
polynomials in the spectral parameter x. Such normalization is especially convenient for lattice 
models. The factor N'(x) depends on central elements of U q (gl(2\l)), so it depends on the 
representation. It can be thought of as a diagonal operator also acting in the auxiliary space. 
In general it is a meromorphic function of x. The formula (|2.69p can be further specialized by 
choosing some particular representation tt^ of U q {gl{2\\)) in the auxiliary space. The resulting 
operator is, essentially, a particular case of (|2,29p with v = (1,0,0) and y = q 1 ^ 2 , differing from 
the later merely by a scalar factor 



M x ) = ^[L^)] 



N IM (x)K flu (x( 



t/=(l,0,0) 



where 



(«,M2,M3 



.)(*) 



ip(xq 



)ip(xq 



-/il+/U2— w 



X. 



(2.71) 



(2.72) 
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Similarly to (|2.31|) it is convenient to define lattice transfer matrices constructed with this L- 
operator, 



Tf'W = Strv M {D L(a) ® s L(x) ® 8 • • • ® 8 L(ar) } 



L— times 



(2.73) 



(2.74) 



L— times 



which, to within the scalar factor (iV A1 ) i , coincide with T M (x|L, qi , v) for v = (1, 0, 0), defined in 

(|2.37p . It is important that the re-normalized transfer matrix (a;) is a polynomial function 
of the spectral parameter x. Thus, due to the commutativity (|2.34|) . all its eigenvalues are 
polynomials (more precisely, they are, at most, L-th degree polynomials). Finally, define a 
special notation for the fundamental transfer matrix of the 3-state model, corresponding to the 
3-dimensional representation in the auxiliary space, 



T(s) = TCp( a 



/x=(l,0,0) 



(2.75) 



and 



N(x) = ^(x)| M=(lj0)0) = ip(xq2) = (1 - xq2). (2.76) 
Now define additional L-operator associated with the oscillator algebras (12.480 . (|2.49p . 

Lj(x) = Njix) ( Pj (x) ® s 7r (lj0)0 )(g5)) [K] , j = 1,2,3 



and 



Lj(x) = Nj(x) (pjix) ® s 7r (1A0) (g^)) [n] , j = 1,2,3 



(2.77) 



(2.78) 



where 1Z is the universal i?-matrix and the maps Pj(x) and Pj(x) defined in the previous sub- 
section. Explicitly, one obtains [63] 



/ q -Hi-H 2 _ xq Hl+n2 C bl Cf 2 -a q xq Hl+n2 b^C f2 q^a q xq~ H2 f 2 \ 



Li(x) 



-a q b+q- n i 



q 2 a q q n ^ n2 b^f 2 + ^ 



(2.79) 



L 2 (x) 



,«2 



-a q xq Hl - H2 b%C fl 



-q- 1 a q xq- Hl - n2 f{b$ \ 



\0 



-qa q q~ ni fi 



„-H\ 



J 



(2.80) 



L 3 (x) 



\ 



3 



,W 2 



g za q xq ni f{ 

„-l„ n -Hl+H2 f+n—X 

q xq j 2 ^ f l 

\-qiq^-^f-C^ -qa q q^f 2 q^ 2 - xq-^'^Cj^ J 



(2.81) 
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and 



Mi+H 2 



-a q xq Wl ^ 2 bf q za q xq H2 f 2 



Li(x) 



^ b - q Hi+2H2 q -Hi _ xq Hi Ci 



bi 



-q 2aq 2 xq 2H2 b 1 f£ 



- q 2qHi+H 2 f- 



q 2 a q q 



—H\—H2 



bff 2 



j H2 - xq-^Cj 1 



I q- H2 - xq H2 C b2 -a q xq Hl+H2 b 2 -q~ 2 a q xq Hl - H2 ffb 2 \ 



L 2 (x) 



~ H2 bi 



\ qa q fi & 2 



-qa q q 



H!+2H2 j- q n x 



xq 



-*1 C 



-1 



/ q- Hl - xq ni C fl 



- 2U *Kft q^a q xq-^-™2 f - \ 



L 3 (x) 



q 2 a q xq 

flf 2 q-' n2 -xq H2 C h -q^xq-^-^fz 



.-H1+H2 f+ f~ n -H2 



\ Q 2 Q 



-H1+H2 f+ 



-a q ftq- U2 



.-H1-H2 



I 



(2.84) 



where where a q = (q — q 1 ) and the central charges for the bosonic and fermionic oscillator 
algebras (|2.48p and (|2.49p are given by 



C b = qq- m * (1- (q - q- 1 ) 2 b+ b~ 
C f = q-'q- 2 ^ (l-/ + r) 



(2.85) 
(2.86) 



The normalization factors read 

iVi(x) = i/j(x), N 2 (x) = ij}{x), N 3 (x) = l/i>(x), 

Ni(x) = 1, N 2 (x) = 1, N 3 (x) = ^{xq^ixq' 1 ) . 

where ip{x) = 1 — x. For the 3-state model the eigenvalues of the diagonal operators ()2.38j) 



(2.87) 



,2Si 



z 2 = q 



2S 2 



Z3 



-2S 3 



where 



2 Si = L — mi + bi 



2 S 2 = L - m 2 + b 2 



2S, 



-2Si - 2S 2 



(2.88) 



(2.89) 



are expressed in terms of the external field parameters bi j2 and the edge occupation numbers 
(or the "magnon numbers"), 



m,- 



1=1 



m\ + m 2 + m,3 = L 



(2.90) 
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(£) i (£) 

where e.y are three by three matrices e.y \\ a b = Siadjb, a, 6 = 1,2,3 acting at the £-th site of 

the chain. 

We can now explicitly define lattice Q-operators for the 3-state model, 

Aj(x) = Zj 1 Str p . {x) [q-^ fco+b2/t2 L,-(s) ® s Lj(x) ® s ■ ■ • ® s Lj(x) } (2.91) 



L— times 



and 



i 8 Lj(x) 



(2.92) 



L— times 



where j = 1,2,3, the generators /io, /ii in the exponents act in the auxiliary space and the 
quantities Zj and Zj are given in (|2.57p . A word caution: one has to use there the same 
representations of the oscillator algebras (|2.48p and (|2.49p as in the corresponding formula (I2.9ip 
or (|2.92p . Then these definitions become independent on a choice of these representations . The 
quantities Zj and Zj, however, do depend on this choice (see Sect l5.2.3"1 for further details). 

It is evident from (| 2 .7911 2 .84"]) that A^(x) and Aj(x) are operator- valued polynomials in x of 
the degree L. They are simply connected with the specializations of the universal Q-operators 
(|2.56p and (|2.58p to the 3-state model, namely, 



n v {q*)) Aj(x) 



= (1,0,0), (2.93) 



L— times 



and 



Aj(x) = (Nj(x)) L ( ir u (q?)®s 
where j = 1, 2, 3. 



■••® 8 7r„(g2)) Aj(x) 



i/ = (1,0,0), (2.94) 



L— times 



3 Functional relations 

As is well known [65], the analyticity of the transfer matrices becomes an extremely powerful 
condition when combined with the functional relations which the transfer matrices satisfy, and, 
in principle, allows one to determine all their eigenvalues. Therefore the functional relations 
for the T- and Q-operators are of a primary interest. We present these relations here, but 
postpone their proof (which is purely algebraic) to Section [5j It is convenient to split these 
relations into three groups, (i) the Wronskian-type relations, (ii) the T-Q relations and (iii) the 
fusion relations. We remark that some of our results in this section overlap with those obtained 
in [44-46,50] for the rational case q = 1. 

3.1 Wronskian-type relations 

These relations only involve the Q-operators, defined in (|2.56p and (|2.58p . First, there are four 
independent relations, quoted in the Introduction, 

C12 = ci 3 Qi(g+5x)Q 1 (^^x) - c 2 3Q2(q + ^x)Q 2 (q'^x) 

(3-1) 

ci2 = c 13 Q 1 (q-hx)Q 1 {q + ^x)-C2 3 Q2(q~^x)q 2 (q + ^x) 
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and 



c 2 iQ 3 (^) = Qi 
ci 2 Q 3 (^) = Qi 



2 (xq- 1 )-Q 1 (xq- 1 )Q 2 (xq), 
2{xq- 1 )-Qi{xq- 1 )Q 2 (xq), 



where 



Zi Zj 



(ZiZj) 



(3.2a) 
(3.2b) 

(3.3) 



with the operators z\, z 2 and z% defined in (|2.38p . Combining these relations one easily obtains 

ci 3 Q 3 (x)Qi(x) = Q 2 (xq)-Q 2 (xq- 1 ), (3.4) 

c 23 Q 2 (a;)Q3(x) = Qtixq) -Q^xq- 1 ), (3.5) 

cnQ 3 (x)Qi(x) = Q 2 (xq- 1 )-Q 2 (xq), (3.6) 

c 23 Q 2 (x)Q 3 (^) = QiO^T 1 ) -Qi(xq). (3.7) 



For example, substituting (|3,2b|) into the LHS of (|3.4p and using both relations (|3.ip in the 
resulting expression, one gets 



C13 1 



3 (x) Qt(x) = —\Q!(qx) Q 2 (q~ l x) Qi(x) - Q^x) Q 2 (qx) Q^x)} 
c 2 i I J 

{q 2 ((TM [ci 2 + c 23 Q 2 (x)Q 2 {qx)\ - Q 2 (qx) \c 12 + c 23 Q 2 (x) Q 2 (<rM] } ( 3 ' 8 ) 



1 

C 2 1 

® 2 (xq) -Q 2 (xq~ l ) 



3.2 T-Q relations 

The next group of relations connects the T- and Q-operators. An important part of this 
group consists of relations, which express the T-operators as polynomial combinations of the 
Q-operators. For the operators (|2.4ip . (|2.42p and (|2.44p . introduced above, these relations read 



C12 



T^( 3 



ci 2 T^ } (x) 
where m £ Z>q and 



ci 3 Qi(x^ 
ci 3 Qi(^ 

TTf(*) - 
Tff(x) - 



f 5)Q 1 ( xg -™- 

c 23 ci3 Q 3 (xg" 
c 23 ci 3 Q 3 (x<^ 



c 2 3Q 2 (^g H 
c 2 3Q 2 (a;g" 



0Q 2 (x</ H 



0Q3(z<f 



(3.9a) 
(3.9b) 

(3.10a) 
(3.10b) 



Taking into account the normalization conditions (|2.47p it is easy to see that Eqs. (|3.9| ) with 
m = simply reduce to the Wronskian-type relations (|3.ip . The relation (|3.10bp is just a 
corollary of the definition (|2.45p . 

Using (|3.ip - (|3.7p one can transform the expressions (|3.9p to a more familiar Bethe-Ansatz 
type form. For example the operators T(x) and T(x), defined in (|2.43p . corresponding to the 
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3-dimensional representations in auxiliary space, can be transformed to any of the six equivalent 
forms 

hp, s Qi(q- p ^x) Q i ( q + ^ +2 ^- 1 2 X )Q k ( q +P^- 1 2 X ) Q k (q*»-*>i+*Pk-$ x ) 
11 (X) = Pi = ! h Pi — = 5 5 h Pfc 5 , 

T(x) = Pi— s hp 7 - — — 1 i hPfc 1 , 

Q f (g"« + 3x) Qi(g-w+3x) Q fc (g-^+5x) Q fc (<r*-« + Sx) 

(3.11) 

where pi = p2 = ~P3 = 1 and k) is an arbitrary permutation of (1, 2, 3). The most general 
transfer matrix expression of this type is considered in the Appendix C (see, Eq. (|C,8j) therein). 

3.3 Fusion relations 

These relations only involve the T-operators if (i), corresponding to the rectangular Young 
diagrams of the length m > and the height a > 1. A complete set of the fusion relations 
for U q (sl(r + l\s + 1)) involving the T-operators (|3.9|) and (j3.10jl has been previously proposed 
in [33-35] . These relations were deduced there from the Bethe Ansatz solution of the (r+s+2)- 
state lattice model. In particular for U q (sl(2\l)) case, they take the form 

Tg\q- 1 x)Tg\qx)=T^l 1 (x)T^l 1 (x) + T^\x) for me%, 
T^iq^x^iqx) = jf (x) + T^\x)jf\x), 

Tg\q- 1 x)Tg\qx)=T ( ;ll 1 (x)T^ +1 (x) for m G Z> 2 , (3.12) 
T[ a \q~ 1 x)T[ a \qx) = T<i ~ 1 \x)T<f +1) (x) for a G Z> 3 , 
where Tq (x) = 1. There is also a duality relation: 

TW(x) = (-l) - 1 Tf +o) (a;) for o € Z>i, (3.13) 

which maps last two relation in (|3.12[) into one another. The fusion relations for conjugate 
representations have also the same forrrH 

T^VMT^(gx) = tf-iWT^iW + TmW fOT m e Z> 1; 
T^V^lffex) =ff(x) + T?(x)ff\x), 

¥^\q- 1 x)¥^(qx)=T^l 1 (x)T { Z 1 (x) for m G Z> 2 , (3.14) 
fS a) (g" 1 x)fS a) fax) = f S a_1) (x)T 5° +1) (x) for a G Z> 3 , 
where Tq^x) = 1. The corresponding duality relation reads 

tJ !) (x) = (-1) - 1 Tl1 1+o) (x) for a€Z>i, (3.15) 

Note that our results (|3.ip - (|3.10p imply all the fusion relations f)3. 12|) and (|3.14p as trivial 
corollaries. Additional functional relations for T-operators are discussed in the Appendix C (see 
also [57]). 



See Appendix B in [33]. 



19 



Note also that the operator (|3.10|) satisfies the relation^ 

Tf\q- d x)Tf\q d x)=T { ^ d (x)T { ^ d {x) for c,deC, (3.16) 

which generalizes the third relation in (|3.12|) , Finally, quote again useful relations (|2.46p con- 
necting two types of the T-operators for the atypical and typical representations. 

3.4 Eigenvalue equations 

The T- and Q-operators with different values of the spectral parameter x form a commuting 
family of operators and can be simultaneously diagonalized by an x-independent similarity 
transformation. Therefore, the above functional equations are satisfied by eigenvalues of these 
operators, corresponding to the same eigenstate. The equations are the same for all eigenstates. 
Here we presented these equations in a universal model-independent form. They are written in 
the normalization of the universal i?-matrix, which is uniquely defined by its series expansion 
(|2.19p . This is a distinguished normalization where the functional equations does not contain any 
^-dependent scalar factors (however, the eigenvalues in this case are, in general, meromorphic 
functions of x). From analytic point of view it is more convenient to work with a normalization 
where the eigenvalues are entire functions of x (it is commonly used in the lattice theory since 
Baxter's pioneering work [1]). With this "analytic" normalization the functional equations 
acquire some non-universal scalar factors, depending on the quantum space of the model. 

As an example consider the 3-state lattice model. All relevant definition are already given 
in Section EH First consider the operators Aj(x) and Aj(x), defined in (|2.91|) and (|2.92|) . 
respectively. Let Aj(x) and Aj(x) denote a set eigenvalues of their eigenvalues, corresponding 
to the same eigenstate. All these eigenvalues are L-th degree polynomials in x, where L is the 
length of the chain. Moreover, the definitions (|2.9ip and (|2.92p imply 

A(0) = A(0) = 1. (3.17) 

Remind that the constants z\ , z 2 , Z3 , defined in f|2.88[) , are expressed through the conserved edge 
occupation numbers mi, m 2 and m 3 and the external field parameters bi^. Now write the 
eigenvalues in the product form (cf. (jl.7p ) 

Ma) = - zM ). = n ( x - ( 3 - i§ ) 

where the numbers of zeroes are uniquely determined from elementary considerations of the 
leading x — > 00 asymptotics in (|2.9ip and (|2.92p . Define the scalar function 

f(x) = (l-x) L . (3.19) 

Substituting (|2.93|) and (|2.94p into (|3.1H3.7p and using the expressions (|2.87p for the normaliza- 
tion factors, one obtains, 

c 12 f{q + ^x) = c 13 z^ A 1 (q + ^x)A 1 (q~^x) - c 23 z^ k 2 (q + \ x ) k 2 {q~^x), (3.20) 

ci2f(<7~M = c 13 z 1 1 A^q'^x) A 1 (q + ^x) - c 23 z 2 ^ A 2 (q'^x) A 2 (q + ^x) (3.21) 
4 Eq. (|3.16[l is a special case of more general functional relation given in (3.33) of [35] 
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and 



c 2 if(x)A 3 (x) = ^) l A 1 (xg)A 2 (xg- 1 )-(J)"A 1 (x( Z - 1 )A 2 (xg), (3.22) 

ci 2 A 3 (x) = A 1 {xq)A 2 (xq- 1 ) - (^-y Atixq-^ixq), (3.23) 

ci 3 Ai(x)A 3 (x) = ^£iV A 2 (^)- ^V^^- 1 ), (3.24) 

c 23 A 2 (x)A 3 (x) = (^Y A!(xg)- Mxg- 1 ), (3.25) 

Cl3 A!(x)A 3 (x) = ^ 2 f( gx )A 2 (xg- 1 ) - f^xjAaCxg), (3.26) 



1 i 

2 , / a\ 2 



c 23 A 2 (x)A 3 (x) = ( g J i(qx)A 1 (xq' 1 ) - ( f (g- i x)A 1 (xg), (3.27) 

The eigenvalues T™ (d) of the T-operators (|3.9|) can be written in a similar form 

c 12 T«(x) = Cl3 zr +l A 1 (xg m+ 5)A 1 (x (? - m -5)- C23 z 2 m+ 5A 2 (xg m+ i)A 2 (x( ? - m -^) . (3.28) 



The eight relations (|3.20p - (|3.27p can be solved in different ways. For example, for the 
coefficients of the polynomials (|3.18j) . Altogether there are exactly 3L unknown coefficients. Let 
us count the number of equations. Begin by dropping the last four relation among the eight, 
since they are simple corollaries of the first four. The remaining four relations are of the degrees 
L, L, L + m 3 and L — m 3 , respectively. They are trivially satisfied at x = 0, so we are left with 
only 4L equations. It is easy to see that L of them are dependent. For example, expressing Ai(x) 
and A 2 (x) from (|3.20|) and (|3.21|) and substituting them into (|3.23p one immediately concludes 
that the RHS of (13.22D is always divisible by f(x). So that L out of 4L remaining equation are 
automatically satisfied. Thus the there are exactly 3L polynomial equations for 3L unknown 
coefficients. 

The equations (13.20H3.271) can also be solved for the zeroes of the polynomials (|3.18p . Let 
us rewrite these equation in the Bethe Ansatz form. Substitute x = q~zxg into (|3.20p and 
x = q + ^x^P into (|3.2ip and then divide the resulting two equation, 



c 12 f(^ 1) ) = -c 23 z^A 2 (q- 1 x i l ) )A 2 (x { l ) ), c 12 f(x5 1) ) = -c 23 z 2 k A 2 {q +l x { p)A 2 (x { p) 



(3.29) 



by one another. It follows that 

_! Mr 1 *?) 



' 2 - S+lJ^ 



A^x 



,mi . (3.30) 



where xi denotes the zeroes of Ai(x). Performing similar manipulation for other zeroes one 
obtains the complete set of the Bethe Ansatz type equations. 
Zeroes of Ai(x): 

-^ = Al(g+2 1^ (g " 1 i ) . — (3.3D 

A 1 (q-^xf ) ) A 3 (q+^x { p) A 2 ( q +^) 
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Zeroes of A 2 (x): 



z 2 z 3 = 77r= hr, «i == £ = l,...,m 2 , 3.32 



Zeroes of A 3(x): 



^1 — — / , i (3)v ' ^2 ~~ — , -. (3). ' I — 1, ... , 7Ti3 , (3.33) 



Zeroes of Ai(x): 



f ((T 1 * (1) ) Ai (g-2 af ) A 3 (g+i af ) ' ^ f * (1) ) A 2 (g+i af ) ' 

4 = l,...,L-mi , (3.34) 



Zeroes of A 2 (x): 



2 _! f(g +1 x( 2 )) _ A 2 (g+ 2 af )A 3 (g- 1 ^f ) ) f^aK 2 )) _ A^xf 



f(g-ix( 2 )) A 2 (g" 2 xf ) A 3 (g+ 1 af)' f^ 2 )) AxCg+i^)' 

£ = l,...,L-m 2 , (3.35) 



Zeroes of A3 (a;): 



ffa- 1 ^ 3 )) AiCg- 1 ^) f^aK 3 )) A 2 (g- 1 - (3) ^ 



a: 



f(q+lxW) Al (g+lxf)' f(g +1 S (3) ) A 2 (g+lxf)' 

£= l,...,L-m 3 , (3.36) 

All factors z%, 2 2 , Z3, in the above equations can be absorbed into redefined eigenvalues 

Qi(x) = x +s * A«(x), Qi(x) = aT s < Aj(x), (3.37) 

The equations (|3.31[) - (j3.36l) then become identical to the system (jl.8j) . quoted in the introduction. 
There are six self-contained sets of the Bethe Ansatz equations involving only subsets of zeros, 
belonging to any of the six pairs of the eigenvalues (Aj(x), Aj(x)), i 7^ j. Once any such pair 
is determined, the remaining eigenvalues can be easily found by using the above functional 
equations^. 

Finally note that for small chains the eigenvalues can, of course, be found from direct di- 
agonalization the of Q-operators (thanks to that we now have their explicit definitions (I2.9ip 
and (|2,92p ). As an illustration consider the simplest, but still interesting, case of a 1-site chain, 
L = 1. Evaluating the trace in (12.91H and (|2.92p one obtains the operators Aj(x) and Aj(ar)) in 
the form of diagonal 3x3 matrices. We list their eigenvalues below. 



For instance, if (Ai(a;), A2(x)) is known then: (i) As(x) and As(x) are explicitly expressed from (13.24[) and 
(|3.27|) . (ii) (|3.22p and (I3.23|) then become linear equations for the coefficients of A2(x) and Ai(x). 
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1. mi = 1, m 2 = 0, m 3 = 0, z x = q bl , z 2 = q b2+1 , z 3 = q h i+ b ^+ 1 ) 

Ai(x) = l-x \ Zl ~ Z2) ( q ~.] Z2 ~]\ , A 2 (x) = l, A 3 (x) = l, (3.38) 
(z\ - q z z 2 ){z 2 - 1) 

A 1 (x) = l, A 2 (x) = l-g- 1 x Z1 ~ Z2 2 , A 3 (x) = l-g- 1 x^^, (3.39) 

zi-q l z 2 z 2 -l 

2. mi = 0, m 2 = 1, m 3 = 0, z\ = q bl+1 , z 2 = q b2 , z 3 = g b i+ b 2+ 1 , 

Ai(x) = l, k 2 {x) = l-x l Zl ~f {z ]~ q2) A 3 (x) = l, (3.40) 

(zi - q 2 z 2 )(zi - 1) 



A 1 (x) = l-qx— f-, A 2 (x) = l, A 3 (x) = I - qx Q Z \ - , (3.41) 

Zl - q^Z 2 01-1 



3. mi = 0, m 2 = 0, m 3 = 1, z 1 = q bl+1 , z 2 = q b2+1 , z 3 = qf b i+ b 2+ 2 , 

Ai(x) = l, A 2 (x) = l, A 3 (x) = l-x (g " 2zi ~ 1)(Z2 ~ g2) , (3.42) 

(zi - l)(z 2 - 1) 

Ai(x) = l-gx g ^T 1 , A 2 (x) = l- (7 - 1 x^^, A 3 (x) = l, (3.43) 

Z 2 — 1 Zl — 1 

It is easy to check that these eigenvalues satisfy all the functional and Bethe Ansatz type 
equations given above, as they, of course, should do. 

4 Applications in continuous quantum field theory. 

In this section, we explain how the general results of the previous sections can be specialized to 
the problems of the continuous quantum field theory in two dimensions. 

4.1 T- and Q-operators in conformal field theory 

The Borel subalgebra £>_ of U q (sl(2\l)), defined after (|2,13p . can be realized with two chiral 
Bose fields 

(k) 

^ k \u)=X^ +P^u + Y — e iun , k = l,2, (4.1) 

n 

where and and a^f 1 (n = ±1, ±2, ±3, . . .) are operators which satisfy the commutation 
relations of the Heisenberg algebra, 

P(0] = i5kh [aWaf] =n5 kl 5 m+nfl . (4.2) 

The variable u is interpreted as the coordinate on the 2D cylinder of the circumference 2n. The 
field <j>(u) = (4>^(u),(j)M{u)) is a quasi-periodic function of u, 

4>{u + 2tt) = 4>{u) + 2ttP, P = (P (1) ,P (2) ) . (4.3) 

Let ai,a 2 ,a 3 be 2-dimensional vectors 

a o = 03,7)> «i = (-2/3,0), a 2 = ((3,-j), a + «i + a 2 = 0, (4.4) 
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where (3 and 7 are real constants, such that 

(3 2 + 7 2 = 1 • (4.5) 

Introduce the vertex operators 

Vj(u) =: e ia ^ {u) : j = 0,1,2, (4.6) 

where ajd>(u) = a>j <f>^(u) + a~p <j)^ 2 \u) denote the Euclidean scalar product of two- 
dimensional vectors cxj = {a^\orp) and (fi(u), and the symbol : ... : denotes the following 
normal ordering 

00 00 
: e icy </>(«) .= exp (i £^=» e *"«) exp (i aj (X + Pn)) exp ( - i £ 2^» e -i»«) , (4.7) 

n=l n=l 

where a n = (affl , afc '■>), X = (XW,XW). It is easy to show that 

PV j (u)=V j (u)(cx J +P), (4.8) 

and 

V i {u)V j {v) = {-lf^ p ^q- a »V j {v)Vi{u) for u>v (4.9) 
where the Cartan matrix and the parity p(j) are the same as in (|2.8p and (|2.20p and 

q = e - 2iKf3 \ (4.10) 

(k) 

Let J- p be the Fock space generated by the free action of the operators a« , with n < 0, k = 1, 2 
on the vacuum state |p >, p = (p^ 1 ' , ) , defined as 

P|p>=p|p>, a n |p>=0, n > 0. (4-11) 

The vertex operators act invariantly in the extended Fock space, 

Vj(ll) . J~p > -^p, 3~p -^p+nio;i+n2Q!2+n3Q!3 • (4-12) 

(ni,n2,rt3)eZ 3 

This space support the action of the Borel subalgebra £>_ C U q (sl(2\l)), if one realizes its 
generators as 

p(l) p(2) p(l) p(l) p(2) 

^ = ^--"27' /ll = "^-' /l2 = ^ + ^ 7 -' ^ + ^ + ^ = 0, (4.13) 

fj = - / V 3 (u)du, j = 0,l,2. (4.14) 

9 — Q Jo 

The commutation relations (|2.4p between (|4.13p and (|4.14p trivially follow from (|4.8p . The 
generators (I4.14p satisfy the Serre relations (|2.5p and ()2.7p . To see this one needs to rewrite the 
products of /j's in the form of ordered integrals. An example of such calculations is given in the 
Appendix [Pi 

Consider now the specialization of the reduced universal i?-matrix (|2.19p to the representa- 
tion (I4.14p in the quantum space (it is the second space in (|2.14p ). It has an extremely elegant 
form 

Z = %=E33 = V ex P ( / * Z ( u ) du ) > ( 4 - 15 ) 
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where 



Z(u) = e <3> s V (u) + ei ® s Vi(u) + e 2 ® s V^(«) . 



(4.16) 



It was first discovered in [66] for finite-dimensional quantized algebras and then generalized 
in [67] for the case of the quantum affine algebra U q (sl(2)). A proof can be found in [53]. For 
the consistency of the fermionic grading we also assumqj 



(e; ® s Vi(u))(ej ® s Vj(v)) = (-I)pWp(j) (e^ ® s ^(u)^(u)) . 
It follows then that the following "universal" L-operator 

C = V exp ( J Z(u)duj q K , K = 
obtained from (14.15P and (|2.17j) satisfy the Yang-Baxter equation 

72.12 Cl £,2 = £>2 £l 7^12 ■ 



p(l) P(2) 
-^-(/iO + ^2) + ^(/l2-M 



(4.17) 



(4.18) 



(4.19) 



where 7^i2 is the universal i?-matrix. The operator (|4.18|) is an element of the Borel subalgebra 
B+ whose coefficients are operators acting in the quantum space (|4.12p . 

Now we can define commuting T- and Q-operators, acting in the Fock space of the Bose 
fields (|4.ip . using our universal formulae (|2.40p . (|4.4ip and (|2.59p . For the reason explained 
below we make a special choice of the external parameters fc>i 5 2 in (I2.38P such that 



Zi = g P( 2 )/ 7+ P(x) //3) 
The definition (|2.40p then becom^l 



Z2 = q 



p(2)/ 7 _p(l)/ /3 



Z3 = z\z 2 



Tf FT \x) = St W(x) 

= Str 7r M 0r) 



(4.20) 



(4.21) 



q 2!C V exp 



2tt 



(e (8> s Vq(u) + ei (g) s Vi(u) + e 2 (g) s V2(n))dw| 



where /C is given by (|4.18p . An important case is the 3-dimensional representations 



T(^(x) S T[^(x), 
Similarly define the corresponding Q-operators 



Af FT \x) = Z-'Str,,,,, 



>f FT, (x) 



¥ CFT \ X ) 



q 2K V exp 



q 2lc V exp 



-T 



(CFT) 
(-1, 



l j0 )( x )- 



(4.22) 



2tt 



2tt 



-(n)(in| 
,(n)<in| 



(4.23) 



where i = 1,2,3, -Z(it) is defined in (|4.17p and Zi,Zi are given by (|2.57p with z\, z 2 and 213 
defined in (143UD . 



The only effect of the extra signs arising from this relation is the negation of the spectral parameter x. 
7 Note that the choice (|4.20[) leads to an extra factor g in (|4.22|l in addition to the one which comes from 
universal i?-matrix. 
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For the choice (|4,2U[) all the operators (|4.22|) and (|4.23|) commute with an infinite series of 
the local integral of motion (LIM), I n , n = 1,2, 3,. ..,00, 

[In,TjP^)(x)] = [!„, Af^(x)] = [I n ,A ( r T \x)] = (4.24) 

of a two-dimensional CFT which arise in quantization of the AKNS soliton hierarchy [58] . They 
are defined as integrals 

t-2lT 

I n = / W n+1 {u)du . (4.25) 



where the local densities are W n +i(u) are some polynomials in the u-derivatives of the Bose 
fields (14. ID (the k-th density Wk(u) is of the degree k in the derivative d u ). The first non-trivial 
densities read [58], 

W 2 (u) = -hd u ^\u)f-\{d u ^(u)f + ^=dl^ l \u), (4.26) 
2 I J2n 



W 3 (u) = ^(^«(u)) 3 + ^(^ 

_(n+|Vn 9 ^ (1)(M) ^ 0(2)H + ^^(2) (fl)> (4 . 27) 

where y/n = i\f2/f3 is a parameter used in [58] instead of our (3 in (|4.1U|) . Note also that 
their chiral Bose fields X(u) and Y(u) are related to (|4.ip as X{u) = <p^\u)/y/2 and Y(u) = 

The CFT versions of the T- and Q-operators defined above act invariantly in the single Fock 
space T p (even though the L-operator (|4.18p acts in the extended space (|4.12l) ). They satisfy all 
the functional relation given in Sections 3.1-3.3, without any modificationsj. One just need to 
supply the superscript (CFT) to all the T- and Q-operators and identify the quantities Zi,22> ^3 
therein with those defined in (|2.38p . Note that the vacuum state ()4.1ip is an eigenstate for all 
these operators 

Tf FT) (x)|p>=T(- c )(x)|p>, (4.28) 

Af F ^\p>=At C \ X )\p>, Ar ) (x)|p>=r ) W| P > • (4.29) 
The eigenvalues satisfy the functional relations 

ci2 = c^'A^V3x)^ w V^- (4-30) 
ci2 = A^ ac \ q ^ x )A^ ac \ q H x )- C23 zP ^ ac \q-\x)k { r\q +l ^) (4-31) 



which are corollaries of (|3.ip . 

The operators (|4.22p and (|4.23p understood as series in spectral parameter x. The first 
nontrivial terms in their expansions can be obtained from the third order term in the expansion 
of the universal i?-matrix given in the Appendix [Dj 

j( CFT )( x ) = Zl + Z2 - Z3 + x G 1 + 0(x 2 ), (4.32) 
T {CFT) (x) = -Z3- 1 + Z2 1 + zr 1 - x(ziz 2 z 3 )" 1 G 1 + 0(x 2 ), 



8 Let us stress that in the considered case of CFT no additional scalar factors arise in the functional relations 
(unlike the lattice models). 
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where T^ CFT \x) and T T \x) are defined in (|4.22p . The quantities G\ and G\ are non-local 
integrals of motion defined as linear combinations of ordered integrals of the vertex operators, 

Gi = ziJ(l,2,0) + z 2 J(2,0,l)-Z3J(0,l,2) (4.33) 

G\ = -z 3 z 2 J{0,2,l)-z 1 z 3 J{l,0,2)+z 2 z 1 J(2,l,0), (4.34) 

where 



J(h,h, ■ ■ ■ ,in) = / Vi 1 (u 1 )Vi 2 (u 2 )---Vi n {u n )duidu2---du n . (4.35) 

Similarly for the Q-operators (14.23ft one has 

(9-9 ^(r^ - zi){z 3 - zi) 

(^-g- 1 )^ 2 ^- ^2)(^3-^) 



4 CFT) (x) = 1- , rj»(wgi+gi) Q( , 2); 

(g-g x )(zi - 2 3 )(z 2 - ^3) 

(?- 9 ^(g ^2 - ^i) (23 - ^i) 

A (^) fx) _ 1H g-fx(gz 2 G 1 + G 1 ) 2 

2 () " + ( q - q - 1 )( q - 2 zi-Z2)(z 3 -z 2 ) +U[x) 



1 



(4.36) 



Af FT \ X ) = 1+ . g^y^i + Gx) 2 
3 (g-g-!)(zi -z 3 )(z 2 -z 3 ) 

Note, that the T-operators similar to (|4,22p but with a different realization of the vertex 
operators (through two Bose and two Fermi free fields) were introduced in [68] in connection 
with a CFT with an extended (super)symmetry which arises in quantization of a supersymmetric 
extension of the KdV hierarchy (also related with the U q (sl(2\l)) algebra). As stated in [68] 
their analog of the L-operator (|4.18|) satisfy the same Yang-Baxter equation (|4.19p . Our results 
then imply that their T-operators obeys exactly the same functional relations as in Section 3, 
provided one uses the same definitions (|4.22p . but with their realization of the vertex operators 
and also define by (I4.23P the corresponding Q-operators, which were not considered in [68]. It 
would be interesting to further clarify these connections. 



4.2 Connections with the spectral theory of differential equations. 

Here we briefly illustrate the remarkable correspondence between the spectral theory of the 
Schrodinger equation and the integrable structure of the conformal field theory, which attracted 
much attention recently [69-73]. This correspondence relates some spectral characteristics of 
certain ordinary differential equations (and, more generally, integro-differential equations [73]) 
to the eigenvalues of the continuous analogs of the Baxter's Q-operators in quantum field theory 
with the conformal symmetry (in general, with an extended (super)conformal symmetry). 

The relevant differential equation in our case is, in fact, a one-dimensional Schrodinger 
equation on the half-line, 

{-^2+ l -^2^ + ry a - 1 + y 2a -E]^{y) = 0, 0<y<+oo. (4.37) 
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with real < a < oo and arbitrary r and t. It was first considered in the case I = and a > 
by Suzuki [72], who pointed out its connection to the quantum affine superalgebra U q (sl (2\1)) 
and to the corresponding Bethe Ansatz equations. Eq. (14.37j) with I ^ appeared in [74]. The 
full equation with arbitrary values of £ and r, in the regime a < — 1, was recently considered 
in [58] in connection with the quantization of the integrable AKNS soliton hierarchy. 

Here we consider the case a > with arbitrary values of I and r. To simplify our consider- 
ations we will assume that a > 1, however the results apply to the full range < a < oo. For 
Re I > -|, Eg. lJQ7jl has a unique solution, satisfying the condition 

Hy,E,r,£) = (^) W T(-^±l)y^ + 0(y e +% as (4.38) 
Va + 1/ V a + 1 / 

This solution can be analytically continued outside the domain Re I > — |. Obviously, the 
function ip(y,E,r, —£ — 1), defined in this way, satisfy the same equation (|4.37p and for generic 
values of i the two solutions 



My) =Hy,E,r,£), ih(y) = i/>(y,E,r,-e-l), (4.39) 
are linearly independent, since 

(4vri)- 1 Wr[Vi,V2] = {<f+* - q~ l ~*)~ X , (4.40) 
where Wr[/, g] = fd y g — d y fg denotes the usual Wronskian and 

q = exp (—^r) ■ (4.41) 
\a + 1/ 

From now on we will make the ^-dependence implicit, considering £ as a fixed parameter. Further, 
for all values of E the equation (|4.37[) has a unique solution x(y, -E", r) which decays at y — > +oo. 
We normalize this solution as 

-B, r) - (-?-) exp(-^-), y - +oo . (4.42) 

It can be expanded in the basis (|4.39j) 

X (y,E,r) = D 2 (E,r) Mv) — + Dl (E,r) ^ , (4.43) 

1 I 2(a+l) J 1 ^ 2(«+l) J 

where the connection coefficients Di^(E, r), which are entire functions of E, are of our primary 
interest. They normalized by the condition 

D 1}2 (E,r) = l + 0(E), E^O. (4.44) 

This follows from the fact that for E = the substitution 

= y l+1 exp (--» — -) «,( -1— ) (4.45) 
V a + 1/ V a + 1 / 

brings Eq. (|4,37[) to the Kummer equation 



<i 2 d 
z — jw(z) + (6 - z) — w(z) - awiz) = (4.46) 
dz z dz 
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where 

a + r + 21 + 2 a + 2t + 2 

a = , r , b = . (4.47) 

2(a + l) a + 1 y ' 

Eq. (|4.43p with E = reduces to the relation between Rummer's functions given in §13.1.3 of 
ref. [75]. 

The connection coefficients D\^{E,r) in (|4.43p can be interpreted as the spectral determi- 
nants. Indeed, at certain isolated values of E one of the solutions (j4.39j) will decay for x — ► +oo 
and, thus, becomes proportional to x{V->E,r). One of the terms in the RHS of (|4.43|) then 
vanish. Let {En\r)}™ =1 , i = 1, 2 denotes ordered spectral sets such that 

My,E^(r))^0, ^(l/,£& 2) (r))->0, y^oo. (4.48) 

It is easy to see then that 

OO p 

A(£,r) = n(l --«-), * = 1,2. (4.49) 

n=i E n '(r) y 

(1 2) 

Simple WKB analysis shows that at large n the eigenvalues En ' (r) accumulate along positive 
real axis and that 



E n' 2 \ r ) ~ n< *+ 1 i 7T. — ► OO . (4.50) 

Therefore for a > 1 the infinite products (j4.49p converge as written. It follows then 

log Di i2 {E, r) ~ const (-E) 2 ^, E —> oo, | arg(-E')| < 7r . (4.51) 

Strictly speaking, the spectral conditions (|4.48j) only define (|4.49|) up to the multiplication by 
an entire function without zeroes. However, comparing (14.5ip with the large E asymptotics, 
which follows from the quasi-classical approximation to (|4.43|) , one concludes that this function 
is a constant and then from (14.441) that it is equal to one. 

The spectral determinants D\^{E,r) satisfy certain functional equation, which we will now 
derive. The key observation is that Eq. (|4.37p is invariant under the transformation 

Cl: y^q 1/2 y, r-^-r, I -> I, E^q^E, (4.52) 

where q is the same as in (14.41 H . Therefore the functions 

Xk(y) = («T*~*)* n k [ x (y,E,r)], fc = 0,1,2,. ...oo, (4.53) 
also satisfy (|4.37p . It is easy to check that 

Wr[xo,Xi]=2. (4.54) 
The solutions (|4.39p are simply transformed under (|4.52p . 

&[Mv)] = Q {e+1)/2 Mv), &[My)] = q~ l/2 Mv) (4.55) 

Introduce the constants, 

(z{)k = jga+?-f 5 (z 2 )f = -i q -2-j-z i {zz)h = (z 1 z 2 )? = , (4.56) 
and also Cy = (zi — Zj)/(zi Zj)~5 , 

C12 = q 2 -q 2 , C13 = zqT* 2 4 4 +ig 2 4 4 , c 2 3 = -ig 2 4 4 -i<? 2 4 4 , (4.57) 
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It follows from (1P5D and (|05|1 - ([07| ) that 

c 12 = C13 z\ D l (q E, r) D 2 (E,-r)- c 23 z\ D 1 (E, -r) D 2 (q E, r) . (4.58) 
Negating r in the last relation one also gets 

ci2=ci 3 *~* D 1 (E,r)D 2 (qE,-r)-c 23 z 2 ^ D 1 (q E, -r) D 2 (E,r) . (4.59) 

We now want to identify the functions D\ i2 (E, ±r) with the vacuum eigenvalues \ x ) an d 

^i 2 C \x) of the Q-operators of the super-conformal field theory considered in Section f4. 11 First 
let us identify the parameters q and Z\ , z 2 , z 3 of this Section defined in (|4.41j) and (|4.56p with 
those in (|4.10p and (|4,20p . We expect the following exact correspondence 

A(£,r) = k { r\pE), Di(E-r)=At?(j>E), i = 1,2, (4.60) 

where p is a scalar factor depending on a. For an elementary consistency check one can easily 
verify that these quantities obey the same normalization conditions (|4.36p and (|4,44p and satisfy 
the identical functional relations (14T301) . (|43ll and (|458jh (EL591) . A complete proof of (|4T60l) 
(and, in particular, the calculation of the constant p) requires much deeper considerations which 
(hopefully) will be presented elsewhere. Here we only mention that the vacuum eigenvalues of 
some other commuting operators plays the role of the Stokes multipliers describing the mon- 
odromy properties of the differential equation near its irregular singular point y = 00. Every 
three solutions of (|4.37|) satisfy a linear relation, in particular, 

Xn(y,E,r) =X n {E,r) X0 (y,E,r)+Y n (E,r)xi(y,E,r), neZ, (4.61) 

where \ n is defined in (|4.53[) . Using (|4.40p and (|4.43|) and assuming the correspondence (I4.60P 
it is not difficult to show that 

X 2k (E,r) = (z 3 )t T W k {vac \q- k x), Y 2k+1 (E,r) = j[ 1)(vac) (q~ k x), k G Z (4.62) 

and (omitting unimportant factors here) 

Y 2k (E, r) ~ (|) 1 AS mc) (x) f$ ac \q- 2k x) - (|) ~ 2 A ( ™ c \q- 2k x) A ( 2 vac \x) (4.63) 
where x = pE. It is interesting to note that 

Y 2 (E) ~ A<rVH X 3 (E) ~ A^ ac \q- 2 x) . (4.64) 



5 Algebraic proof of the functional relations 

In this section we will prove all the functional relations among the Q-operators and T-operators, 
given in SectOfl Fortunately, due to symmetry transformations (see below) a set of functional 
relations, which require a separate proof, reduces to only three relations (|3.2a|) . (|3.9ap and 
(I3.10ap . Their proof is presented below. 
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5.1 Symmetry transformations 

The T- and Q-operators possess a number of simple, but important symmetry relations. Con- 
sider the following automorphism of the algebra U q (sl(2\l)), 



o"02 : 



eo - 


* e 2 , 


ei - 


■* ex, 


e2 - 


-* eo, 


fo~ 




h- 


-/i, 


h~ 


fo, 


h - 


-* h 2 , 


hi - 


-> hx, 


h 2 - 


-> h 



(5.1) 



Note that this is an involution (002) 2 = 1. It is easy to see that all the defining relations (|2.4p . 
(I2.5h . (12. 6p are invariant with respect to (15, ip . This transformation also preserves the parities 
of the elements of the algebra and the co- multiplication (|2.1ip , 

A(cr 02 ) = (T02 ®s &02 • (5.2) 
It follows then that the universal i?-matrix is invariant with respect to the diagonal action of 

^"02, 

(ff 02 ® S <702)[ft] =11 . (5.3) 

Further, let the external field parameters t>i and b 2 in (I2.36|) are also replaced 

cr 02 : bi -> -b 2 , b 2 -> -bi, (5.4) 



simultaneously with ()5.ip . Note that the combined transformation (|5.ip . (|5.4p acts on the 
operators z\ 23 from (|2.38p as follows 

(T02 : Zi -» l/z 2 , ^2 -> I/21, 23 -» l/z 3 . (5.5) 

Further, the substitution G02 is also an automorphism of the Borel subalgebra i3+ (£>-) and, 
therefore, transforms its representations into each other. Namely, for the maps Pi(x) and Pi(x), 
introduced in Section [2.31 such transformation leads to the following relations^ 

Pi{x) pi(x) -a 2 -P3-i(x), P3{x) p 3 (x) • 002 =± 7j 3 (x), 

i = l,2. (5.6) 

Pi (a?) ft(x) • 0-02 ~ p 3 -i(s), (a?) -» p 3 {x) • 0-02 ~ p 3 (»), 

By definition, the Q-operators (I2.56P and (|2.58p are elements of the Borel subalgebra as- 
sociated with the quantum space. It is easy to see that the action of the automorphism 002 
on this subalgebra (together with the substitution (|5.4p ) will induce some permutation of the 
Q-operators. Namely, from (15. 3p . (|5.5p and (]5.6p it follows that this action is 

Qi(x) -> <r<n[Qi(x)] =Q 3 _i(x), Q 3 (x) -» a 02 [Q 3 (x)] = Q 3 (x), 

_ _ _ _ s = 1,2. (5.7) 

Qi(x) <7o 2 [Qi(x)] =Q 3 -i(aO, Oafr) ^02 [Q 3 (x)] = Q 3 (x), 

Similarly, taking into account (|3.9p . (|5.5p and (|5.7p one gets 

T«(x) - a 02 [TW(x)] = T« m G Z . (5.8) 



9 The stated equivalences hold up to certain similarity transformations of the products of the oscillator algebras 
(|2.48|) . (|2.49j) . which does affect the (super)trace. 
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Finally, the proof of the functional relations, given below, is based on decomposition properties 
of products of the representations of B + (U q (sl(2\l))) with respect to the co-multiplication (|2.1ip . 
Owing to (|5.2I) . the whole set of the functional relations splits into pairs of relations following 
from each other under the substitution (|5.7p . (|5.8p . 

This symmetry leaves only three independent functional relations: (13.2a[) . (13.9aP with m £ 
Z>o and (|3.10ap . while all other relations become their simple corollaries. To proceed further 
with an algebraic proof of the remaining three relations we need some new notations. 

5.2 Additional notations 

5.2.1 Shifted modules 

For any jo,j 2 £ C, let Pu 0t j 2 ] be a shift automorphism of the Borel subalgebra B 
such that 

Ptfo ja] ( e ») = e *' P[ja,j2] (M =h + jo, P[j ,j 2 ] (hi) =hi- j - j 2 , P[ jo j 2 ] (h 2 ) 
For any representation ir of £>+ define shifted representation 

We will often use the following identity 

S ^lio,h]( z l ho 4 2 K) = Str^ h °- jo z^ +h TZ) = z^z^Str^z^z^TZ), (5.10) 

where the super trace is understood as Str^^ ^j (g) 1 or as Strv <g) 1, see the note after (|2.40|) . 
Here we used the fact that the reduced universal i?-matrix TZ £ B + <g> B- , defined in (I2.17P and 
(|2.18p . does not contain powers of the Cartan elements hi (g> 1. 

5.2.2 Modified versions of the maps pi and 7Jj 

From now on and to the rest of the paper (including all appendices) we will use a slightly 
modified version of the maps introduced in Sect. 12.31 

ft (a?) • z+C 1 ®^) , 

(5.11) 

p 3 (x) ■ x"^® 1 ) . 

They contain additional similarity transformation in some fermionic Fock spaces. Obviously, 
these transformations do not affect the definition of the Q-operators, which only involve the 
super-trace. 

5.2.3 Fock spaces for oscillator algebras 

It was already remarked that the definitions (I2.56P and (|2.58p does not depend on a choice of 
representations of oscillator algebras (|2.48p and (I2.49p . For definiteness, assume that \q\ = 1, 
but not a root of unity q N ^ 1 (the reasonings can also be repeated when \q\ ^ 1). Consider, for 



+ C I7 ff (flJ(2|l)) 
= hi +32.(5.9) 



p [( x ) = x+^ n ^ ■ Pl (x) ■ x~^ nf \ p[(x) = x-^ nf ^ 

p' 2 (x) = p 2 (x), p' 2 (x) = p 2 (x), 

p' 3 (x) = x-WW-paW-x+W' 9 *), p' 3 (x) = x +(nf®i). 
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example, the simplest non-trivial trace, Tr(e ^ b + b ), for the bosonic algebra (|2.48|) . Using 
the commutation relation and the cyclic property of the trace, one obtains 

Tr(e" nb b + b-) = <r 2 Tr(e^V&+)+ , 1 „ Tr(e^) (5.12) 
' ' q(q — q~ l ) ' 

= g~ 2 e~"Tr(e^Vfr-)+ , 1 1N Trfe^"). (5.13) 

Q\Q — Q~ ) 



It follows then 



Tr(e» Hb b+b-) 



Tr(e^ b ) ?(?-g -1 )(l-?- 2 e- 



(5.14) 



The only assumption made in this calculation is the existence of the trace. 

The same quantity (|5.14p can also be calculated by using the highest weight representations 
(Fock representations) of the algebra (12.48p . This algebra has only two non-equivalent Fock 
representations w±(7i q ), acting on the bases \k)±, k £ Z>o, 



w±(b+)\k) ± = \k + l) ± , w±(b ± )\k)±= j- q _ — \k-l)±, w ± {H b )\k) ± = T k\k)± , (5.15) 



where one needs to take all upper or all lower signs. Using these definitions, one easily obtains 
two expressions 



fc=0 

oo , 

Tr w+ (e^ b b+b-) = Y^ e ~ kU3 ~ 



6 — 

-2 r ,-2k\ i ( 5 - 16 ) 



(q-q- 1 ) 2 qiq-q-^il-e-^il-q^e-y 

which imply formula (|5.14p . For \q\ = 1 the above series converge for Reu> > 0. Thus, the 
last calculation only implies (|5.14p in the half-plane Heoj > 0. Of course, the final answer is a 
meromorphic function of u and can be analytically continued to the whole complex cj-plane. 

One can perform a similar calculation using the second Fock representation, which 
requires Re a; < 0. Note that a replacement of w+ with w- in (|5,16p changes the values of 
the trace. However, the final result for the ratio (|5,14p remains the same, as expected. To 
summarize, for explicit calculations one can use any of the Fock representations (I5.15p . depending 
on convenience. 

For the fermionic algebra (I2.49P there is only one two-dimensional Fock representation (up 
to the shifts of the W). However, to streamline the notations we define two representations 

^±(/ ± )|0)± = o, w±{j ± )\l)± = |0)±, 

™±(/ T )|0>± = |1)±, w ± (r)\l) ± = 0, (5.17) 

w±(Hf)\k}± = Tk\k)±, A: G{0,1}, 

differing by an exchange of the basis vectors |0) and |1) and a shift of W . 

Each of the definitions (|2,56p and (|2,58p involves the super-trace over some representation 
of the direct product of two oscillator algebras, entering the corresponding map pi(x) or 7j,(x). 
According to the above discussion this representation in each case can be chosen in four ways 
\y£i,& = w ^ (g)^ labeled by two sign variables £i,£2 = ^ For the map p' a {x) (resp. Pq(x)), 
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we will denote such representation as Wa 1 '^ a (a?) (resp. W^' 2 (x)). Explicit form of the action of 
the Borel subalgebra i3+ in the basis of these Fock representation is given in Appendix lB.3l Here 
we will use the following 6 representations: W~^ + (x), W 2 (x), W 3 + (x), W 1 (x), W 2 ++ {x) and 
W 3 (x), completely presented in (jB.9[) - ()B.14|) . The normalization constants (|2.57p and (|2.59j) 
for these representations are 

y y *2 (Zl - Z 3 ) y y Z 3 - Z 2 y (z 3 ~ Z X )(z 2 - Z 3 ) 

Zi = Z x = — -, z 2 = z 2 = , Z 3 = Z 3 = , (.O.lOj 

Z3(Zl - Z 2 ) Z\-Z2 Z 2 Z 3 

where z\z 2 z 3 1 = 1. 

As an example, we give here the representation W 3 (x). It is a 4-dimensional representation 
spanned on the vectors 

\m,n >+_= \m >+ ® s \n >_= (/f) m |0 > + ® s (/+)" |0 > = (/f ) m (/ 2 + ) n |0 >+_, (5.19) 

where m,n = 0, 1, with the following action of the generators of B+ 

eo\m,n>^ = q~ n \m — 1, n >^ , 



eim,n>i = : m + l,n + l>_ 

q - q- 1 

e 2 \m,n>^ = (— l) m \m, n — 1 >_| , 

(ho, h\, h 2 ) \m,n >^ = (— n, in + n, — m) \m, n > H , 

where \m, n >^ vanishes if either of the indices m, n take values —1 or +2. The parities of the 

vectors (important for the super trace) are equal to 

p(\m, n >_| ) = (m + n) (mod 2) . (5.21) 

5.3 Wronskian-type relation ( 13.21) for Q-operators 

Below we will prove the relation (|3.2ap . Using (|2,56p and (|2.58[) we will write it in the form 



(5.20) 



- c 12 A 3 (x) = I ^ 1 Ai(xq)A 2 (xq~ ) - [~J A^xq-^A^xq). (5.22) 

Making now a particular choice of representations for oscillator algebras (which utilizes the 
freedom explained in the previous subsection) one can rewrite this functional relation as 

_ ( 5 - 23 ) 

= Str w++ . ww — , 1 Jz7 ho z$ i7 R) ~ — Str w++ , _ 1Vw w — , , (z7 ho z% 2 K). 
We will split the proof into two steps. 

Step 1. First, consider the tensor product module w\ + ixq) tg> s W 2 {xq~ l ). Let us write its 
basis vectors as 

w h,h,h,u = \h,h >++ ®s\h,k > — , juk g z >o, 32,33 = °> 1 ( 5 - 24 ) 
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where |ji,j2 >++ and |j3,j4 > denote bases in Wi + (xq) and W 2 (xq 1 ), defined in (|B.9[) 



and (jB.lOj) . respectively. We will assume that 



31 ,32 ,33,34 



0, if the indices j±, j'2, j'3, j'4 lie outside 



the domain specified in (|5.24p . Note that the parity P{wj 1 ,j2,j3,j4) = (h + J3) (mod 2). Taking 
into account (IB, 9}) . ()B,10j) and the formula for the co- multiplication (|2.11j) . one can calculate 
the action of the generators of B + on the basis ()5,24p . 



e w 31,32,33,3 4. 
e l w 31,32,33,3 4 

e 2 w 31,32,33,34 
ho W 31,32,33,34 
h-1 w jl,32,33,34 
^2 w ji,32,33,34 



W 31,32-^,33,34 + 



{-l) h {q ji -q- ji )q- jl ~2x 



-32 v . . . . .1 „2jl+i 2? ., 

w 31+^,32,33,34 ' y 



'31,32,33 J4+1) 



'il J2j3 + l,i4-l' 



2 h-) q 32+i 



(q-q- 1 ) 2 

W 3l,32,33,34i 



J2 „-Jl-j2+j4 



J1J2J3— 1iJ4j (5.25) 



(2ji + J 2 + J3 + 2j 4 ) w juhj3j4 , 

W jl,32,j3,j4- 

It is convenient to define vectors, with the same weights, 



(i) 



w j,0,0,m-j ; 



(2) 



< j < m, 

,(3) 



(4) 



J = ™m,j = Wj,l,0,m-j-l, Wmj = w j,0,l,m-j-l, < j < 771 - 1, 



(5.26) 



and introduce the following vectors 



(m) 



; io 



(m) 



,( m ) 
; 11 



where 



^ q (m-j-2)j 
3=0 
m 

3=0 
m 

q(m-j)j-m 

3=0 
m+1 

3=0 



w 



(1) 



J 2 [m - j] ( 2 ) 



(3) 

m+l j ' 



(5.27) 



(4) 

m+1 j ' 



(9 



1 \2 



m 
j ~ 1. 



(i) 

m+l 



-2J-1 



(2) 



[m]! 



[j]! [m - j]! 



are the g-binomial coefficients, 

[m]! = [l][2] 

is the (/-factorial and 



0,1, 



m G Z>i, 



m > 0, 



[0]! = 1, 



(<? r 



")/(?• 



(5.28) 

(5.29) 
(5.30) 
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Here we put = for m 6 Z>q. The action of generators of B+ on these vectors is as follows 



(m) 

Prill 


— 


(m) 
e l y 00 


q-q- 1 U ll ~T U 00 ' 


(m) 


— 


(m) 
eo^io 


(m) 
— ^00 ' 


(m) 
ei^io = 


(m+1) 


(m) 


= o, 


(m) 


= o, 


(m) 
e l% = 


(m+1) 
9% » 


(m) 

e 2 % 


(m) 
— ^00 ' 


(in) 

eov u 


-l ( m ) 


(m) 
eiun = 


2 (m+1) 
Oil > 


(m) 

e 2 u n 


(m) 
= ~ v 10 



(5.31a) 



and 



(fco,fci,fca)«& ) = ( -m, 2m, -m ) vff 

{h Q MM)v^ = ( -m, 2m + 1, -m-1 ) «j>> 

{h Q MM) v^ = ( -m-1, 2m + 1, -m ) 

(/i ,/ii,/i 2 ) = ( -m-1, 2m + 2, -m-1 ) - (m) 



(5.31b) 



n • 

For each m E Z>o, let be the vector space spanned by the vectors {%j % i °o?' "ll }^m' 

By construction, 

W^ + (xg) ® s W7 "(xg -1 ) D VF (0) D D W (2) D . . . . 

Examining (|5.3ip . it is easy to conclude that 

(i) each is an invariant subspace with respect to the action of B+, 

(ii) for each m 6 Z>o the factor module W^ m ) /^( m+1 ) is isomorphic to the shifted module 
W% (x)[— m, — m]. To see this one needs to drop all vectors v^™ +1 ^ in the RHS of (I5.31|) 



and identify the vectors wj^ therein with \j,k >_| in (|5.20p . 



Applying the identity (|5.1l)p one obtains 

oo oo 

Str wi0) (z^ztn) = Str wim)/w(m+1) (z^z^n) = £ Str w+-(,) hm ,- H (^°4 2 ^) 



m=0 m=0 

oo 



m=0 

(5.32) 

Step 2. Next we want to show that the factor module Wi + (xq) ® s W 2 (xq^ 1 )/W^ is iso- 
morphic to Wi~^ (xq _1 ) <S> S W 2 (xq) up to a shift automorphism. 
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Introduce additional vectors in W~^ + (xq) (g) s W 2 (xq 1 ), 

m + 1 



(2) 
,J >m,j 



„j(j-m~2)+m m + 1 

g fc(m+l-fc) 



\rn 



rm' 

LjJ fc=j+i 

„j(j—m)+m "t+l 

g f M m ~ k ) 

\m ■ 



j 



w {1) 

w m+l,k 



m 



> 0, < j < m, 



E 1 

fc=i+i 



g '(g-g 1 ) 2 [fc-j - 1] 

[fc] X 



m 
k-l 



v {1) 



+ 



(3) 



j(j-m+l)+m+l 



-Jin 



(4) 



j(j-m-l)+m-2 



rn 



2k+j 








m 

E 


g 




E 


g 



,k(m— 2— fc) 



(3) 



"ml 

3 J fc=j+l 



k(m— k) 



(4) 



m > 1, < j < m — 1, 
m > 1, < j < m — 1, 

m > 1, < j < m — 1. 

(5.33) 



Note that the union of the three sets of vectors 

, (m) (m) (m) (m)-. I I , (1) -. I I r (2) (3) (4) 1 

i%) >%) > u 01 > U 11 Sm&> {J{ u m ,ji0<j<m, meZ> IJ i U m j ; W m j > n m j /0<j<m-l, meZ>i 

completely span the vector space (xq) ® s W 2 (xg -1 ). The action of B + on the vectors 
(15. 33ft is as follows, 



(i) 



g J+2 [ m - j] X ( 4 ) 



g - g 



— 1 



e u 



ein 



(i) 

'm,j 



g a m+l,j < "m+lj+l; 



eiw. 



(2) 
'raj 

(2) 



(4) 



"m+lj ' g "m+lj+l' 



(1) 

e 2« m ,j 



g J 2 biz (3) , _, 

— r tt m,j-l -0j,0 1 ^10 » e 2« m ,i 



g - g" 



g 2m+ *X (m) 



.(2) 



-2j+m-2 u (3) 



m,j ' 



e ii 



eiit. 



(3) 
'm,j 

(3) 

'mj 

(3) 

'm,j 



3 

■3+2 x \j - m + 1] (2) 
u 



(5.34a) 



(4) 

e U m,j 



e 2 u 



(4) 
■m,j 

(4) 

'm,j 



2i+l u (3) , -1 (3) 

0, 
0, 

fl 2j ? .(4) (4) 



m-l,j ' 



(5.34b) 



-2j+m-l (1) _ 



m—X,j 



3 2a; b'L(2) 



g - g" 



-1 "m-lj 



xq 6m 2 . (m-1) 



g - g 



If "11 



and 



(ho, hi, fa) u^j 
(h ,hi,h 2 ) 
(ho, hi, ha) u^ tj 
(h ,hi,h 2 ) u^j 



= ( 


—m 


-1, 


2m + 2, 


— m 


- 1 


)u 


= ( 


—m 


-1, 


2m + 2, 


—m 


- 1 


)u 


= ( 




—m, 


2m + 1, 


—m 


- 1 


)u 


= ( 


—m 


-1, 


2m + 1, 




— m 


)u 



(1) 

m,j 

(2) 
m,j 

(3) 
m,j 

(4) 



(5.34c) 
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where ujj§ = = 4? = = °- 



Similarly to (|5.25p write down the action of B+ on the basis vectors 

u h,h,h,H = \h,h >++ ®s\h,h >— 
of the tensor product module W~^ + {xq~ x ) ® s W 2 (xq), 



3 



(-l)n q -n+2 X ( q n _ q -U) 



e U jl,j2,33,34 — jl ,32 1 ,33 ,34 „-l\2 n il,j2J3 + l,i4-l' 



e l U 31,32,33,34 — 1 J% U jl+l,32,j3,34 + 1 J ' 1+ "' a %'l,j 2 ,j3,i4+lj 



(5.35) 



(=„,/■ •■ — -i: " i 7/ - i ■ , 1 ■ • + (—1 \to a -n-32+H v . . . , . 

' l •'.;!../.> •./:!../: / „_1^2 ^1-1^2 + 1^3^4^1 X J y "jl J2J3-1.J4) 



(/t , /ll, /12) ^31,32,33,34 = ( _ il ~ i3 - J4, 2ji + J 2 + J3 + 2j4, -jl - h ~ 3^31,32,33,34 

where € Z> and j'2, j'3 = 0, 1, otherwise Wj 1 j 2j j. i j 4 = 0. Also define 

Umj = Uj,0,0,rn-j, < j < m, 

(5.36) 

-(2) -(3) _(4) n , . , 1 

Vj = «j,l,l,*n-J-l» u m,j = Uj,l,0,m-j-l, U mJ = U jfi ,i, m -j-l, < J < m - 1. 

Comparing (|5,34p with (|5.35 j) one concludes that 

(iii) the action of generators on vectors {u^j}, defined in (|5.36p . is exactly the same as that 
on the vectors {u^j} in W~^ + [xq) ® s W 2 [xq~ l ) /W^ . To obtain the latter one needs 
to omit the terms containing v^' in the RHS of (|5.34p . 

(iv) the action of hk on {u^-} coincides with that for the vector {u^-} in W~^ + (xq) ® s 
W 2 (xq~ l )/W^ up to the shift m—*m + l. 

Thus one concludes that 

Wt + {xq) ® s W^ixq-^/W^ ~ (Wi + {xq- 1 ) ® S W 2 ~ (xq))[-l, -I] . (5.37) 
Using the this formula and applying the identity (|5.10p one obtains 

Str Wt + (xq)® s W2~(m- 1 )/W( ^ z ^- h ° z 2 2 ' R ) = — Str w+ + (xg-i)® s Ty 2 "-(x g )( z i h ° z 2 2n )- (5.38) 
Combining this with (|5.32p one obtains (|5.23p . This completes the proof of the relation (|3.2a|) . 

5.4 Factorization formula ( I3.10j) for a typical representation 

Here we will prove (|3.10p . namely 

T^(x) = ( Zl - z 3 )(z 2 - z 3 ) 4- 1 A 3 (s g - c -5)A 3 (xg <H -i) ) (5.39) 

(2) _______ 

where (x) is defined in (|2.44p . 

Tf\x) = Str^^i)^*^). (5.40) 

38 



The 4-dimensional typical representation 7i7 CiC) o)(x) of the Borel subalgebra £>+ is described in 
the Appendix EU 

Our proof of (15.391) is based on the decomposition of the 16-dimensional tensor product 
module W3 (xq~ c ~z) ® s W 3 (xq c+ ^) into four 4-dimensional modules. With respect to the 
actions of B+ each of these four 4-dimensional modules is isomorphic to a shifted typical rep- 
resentation 7T(c,c,o)( x< l c+1 )[ s o 1 ^ s 2^] ( a e {1, 2, 3, 4}), where the shift constants Sq and are 
given in (|5.47|) . 

Introduce a basis in the 16-dimensional tensor product module 

w h,h,h,H = \h,h >+- ®«Us,J4 >-+G W + '(xq~ c '^) ® s W^ + (xq c+ 5), (5.41) 

where ji, j'2, 33, 34 = 0, 1, otherwise Wj lt j 2 j 3 j 4 = 0. The parity of these vectors is p(wj 1 j 2 j 3 j 4 ) = 
3i + 32 +J3 + 34 (mod 2). Using (|B.14j) . (jB.lip and the formula for the co-multiplication (|2.11[) 
one can calculate the action of B+ in this tensor product module 

e w ji,h,j3,34 = 1 32w ji-ljaja,34, + ( — t) n+32 q H nw 31,32,33-1, 3 4 

e l w h,h,j 3 ,iA = x {Q~ Cw ji+ij2+i,j 3 ,j i -Q C+n+32 w jl ,j 2 ,j 3+ ij 4+ i)/(q-q' 1 ), 

.... (5-42) 

c 2 w 31,32,33,31 \ L ) 1 w n,32,J3,34-l • V X J w 3l,]2-l,33,3f> 

(h , hi , h 2 ) w juj2 j 3jji = (-32 - 34, 31 + h + 33 + ji, ~3\ ~ jz) w h,32,h,34- 
We shall change the basis of the module from {wji,j 2 ,j3,j4. 

} to {vf 1 }, where j, a £ {1,2,3,4}: 

(1) 2i — 1 / — 1 \ (1) r _i 

«i = ~Q {q-Q )xw 0fi ,i,i, v 2 ' = q c L xw ,i,i,i, 

^3 — ~Q (Q — Q J^O, 1,0,0, V A — ^0,1,0,1; 

v {2) = *<r^o,o,i,o, 4 2) = -x (^0,0,1,1 - Wl , lfi ,o)/(q 2 -l), 

(5.43) 

4 2) = ^0,0,0,0, v (2) = <?~ c (<? 2c+2 ^o,o,o,i - ^0,1,0,0) /(q 2 ~ 1), 

„(3) „-c-2 mn ,,(3) // 2 n 

w l — 9 ^1,1,1,0) ^2 — — ^1,1,1,1/ (,<? — J-J, 

4 3) = -^0,0,1,1 + 9^1,0,0,1) v 4 ] = ?- c (wq,i,i,i + 9Wi,i,o,i)/(9 2 ~ 1 )' 
4 4) = -9 c_1 ^i,o,i,o, 4 4) = ~ x (<7 2c+1 ^i,o,i,i + ^1,1,1,0) /(<7 2 - 1), 

4 4) = ^1,0,0,0-^0,0,1,0, 4 4) = {<f +2 (^0,0,1,1 - 9^1,0,0,1) + 9~ c (f 0,1,1,0 + ^i,i,o,o)}/(g 2 - !)• 
The action of the generators e&, k = 0, 1, 2 in this basis is 

4 44 
e * w i° = E44 a) + E E 4a^f\ *,i,a € {1,2,3,4} (5.44) 

1=1 b=a+l i=l 

where the only non-zero coefficients A^- are 

A% 1 = -J$ 3 = <f- 1 x, A\z = q l - C , A 2 12 = [c], ^ 2 4 = [c + l], (5.45) 

where the symbol [c] is defined in (|5.30p . The coefficients B^- ah are known explicitly, but their 
exact form is not essential in the following. Note that, if the second term in the formula (15.441) 
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is omitted, then for any fixed value of a it becomes identical to the corresponding formula for 
the 4-dimensional representation tt( c , c ,o)( x Q c+1 )i given in (|B.6|) up to a similarity transformation. 
The action of the generators hk in this basis is 

h k vf = (v j , k + s^)vf (5.46) 

where a G {1,2,3,4} and the weights Vj^ are exactly the same as in the action of hk in the 
4-dimensional representation ft( c ,c,o)( X( l c )i see (|B.6[) in the Appendix [Bj The shift constants, 
satisfy the relation + + = 0; explicitly they read 

(4 a) , s[ a \ 4 a) ) = (c - a<°>, aW + (a) , -c - a G {1, 2, 3, 4}, (5.47) 

where 

0(D = 0(2) = 1, 0(3) = 0(4) = 2} a (l) =a (3) = l, a (2) =a (4) =Qi 

Let iy( a ), a G {1,2,3,4} denotes the vector space spanned by the vectors 
{"4 , 4 > 4 > v 4 }j= a - construction, the original tensor product module 

W3 + ~(xg~ c ~5) ® s W 3 + {xq c+ ^) ~ IU (1) 
is isomorphic to W^. Examining (|5.44[) and (|5.46|) one easily finds that 

(i) each is an invariant space with respect to the action of £>+, 

(ii) the following isomorphisms with respect to the action of take place 

W (a) /W (a+i) „ vr (CiC)0) (^ c+1 )[4 a) ,4 a) ], a = 1,2,3 (5.48) 

~ ^ (C , C)0) (^ C+1 )[4 4) ,4 4) ] , (5.49) 

except that for a = 2, 3 the parities of all vectors on one side of the correspondence need 
to be inverted, see below. 

Using these results, the definitions (|2.56p and (|2.58p and the identity (|5.10p one obtains 

Z 3 Z 3 A 3 (xq- c -hA 3 (xq c+ h = Str , , c i __+ c+ i (z7 h °z^H) 

3 

= Str w w (z- ho z^K) = Y,Str w(a y w(a+ r ) (z^ ho z^lZ)+Str wW (z^z^n) 

a=l 

= £ (-1^ str 7r(cic:0)HC+1) (,- ft °- s o a) 4 2+ ^^) (5 - 5o) 

a=l 

= z^ 2 z^ c -\ Zl - z 3 )(z 2 - z^Str^^c+i^z^z^Tl) 

= z 2 2 z 3 c - 1 (z 1 -z 3 )(z 2 -z 3 )T^(x). 

The sign factor (— l) 7a , 71 = 74 = 0, 72 = 73 = 1, takes into account the parity of the vectors 
p(v^) = 7 a (which needs to be compared with the (even) parity of the highest weight vector in 
the representation vr( c c o)). Using the expressions for the constants (|5.18p one finally arrives to 
(15391) . 
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5.5 Wronskian type T-Q relation ( 13. 9j) 

In this section it will be more convenient to use the Fock representations W 1 (x) , W 2 + (x) 
Wf + (x) and W 2 ~~(x) defined in pTl5|) . ([BTl6]) . (fBTT7|) and (|Fl9|) . Note that are different from 
those used in Sect. 5.2.3, 5.3. The normalization constants (|2,57p and (|2.59p for these new 
representations read 

Z 1 = Z 1 = Z -^^, Z 2 = Z 2 = ^±. (5.51) 

Zl - z 2 z\- z 2 

We will prove (l3T9al) . 

T«(x) = — z™ + ^A 1 (xq m+1 2)A 1 (xq- m -^) - — z™ + ^ A 2 {xq m+ ^)A 2 {xq- m -^). (5.52) 

Cl2 C12 

for m G Z>o- For this purpose, we introduce more general T-operators, corresponding to the 
infinite-dimensional representations of U q (sl(2\l)), 

T+(x) = Str. < x) {zi h0 z h 2 2 n), T-(x) = Str U^ -^), (5-53) 

(m,0,0) v 7 ( — l,m + l,0J v ' 

where m G C. The representations vr+(x) and tt~(x) are defined in the Appendix[Bj For integer 
values of m G Z one of these representations becomes reducible and can be decomposed into 
a semi-direct sum of a finite-dimensional and an infinite-dimensional atypical representations. 
These properties are studied in details in the Appendix [Bj Here we quote just one relevant 
formula ()B.4[) . 

ff Ko,o)( x )A(l,o,o)( a; ) - \_ liJn+li0) (x), meZ> (5.54) 

The finite-dimensional representations tt[^ 1 n \ (x) , which appears above is precisely that entering 
in the definition of the T-operators (|2.41|l 10 l. namely, 

T«(x) = Str™ (z^z^K), meZ> , 

(m,0,0)^ ' 

TW(x) = -Str [0] (x) (zT h0 4 2 K), meZ<_ 2 , (5.55) 

tQ(x) = -Str w ^^ft) 

"^(-1,-1,1) w 

On the level of supertraces Eq. (|5.54p implies 

T«(x) = T+(x) - T"(s), m G Z> , (5.56) 

where the operators T ± (x) are defined by (|5.53p . As we shall see below, these operators factorize 
into products of two Q-operators 

T+{x) = —z r ^A 1 (xq m+1 2)A 1 {xq~ m -^), (5.57) 
C12 

T"(x) = — z™ + U 2 (xg m+ ^)A 2 (xg- m -^). (5.58) 

C12 



10 The superscript "p" in the notation 7rjf' (a;) denotes the parity of the highest weight vector. The representations 
ttI?\x) with p — and p = 1 only differ by an overall sign of the supertrace, but otherwise equivalent. 
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These factorization properties hold for an arbitrary value of m G C (even though for (|5.56|) 
one needs only integer values of m). Thus, the Wronskian-like formula (|5.52p in question is 
a corollary of the factorization relations (I5,57j) and (|5.58p . Their proof is presented below. 
Actually, one needs to prove one of these relations, since they follow from one another under 
the symmetry transformation (|5.5p . (|5.7p . 



5.5.1 Factorization formula (I5.57p for infinite-dimensional representations 

The formula (15.571) reflects rather special properties of tensor product module (xq m+ 2 ) ® s 
W i (xq~ m ~i). Below we will show that this infinite-dimensional module can be decomposed 
into an infinite number of infinite-dimensional modules, each of which is isomorphic to a shifted 
evaluation module rf mfifi) (x)[j , j 2 ] with j ,j 2 G Z. 

Let us write the basis in (xq m+ ^) ® s W 1 (xq~ m ~i) as 



w h,h,33,H = Huh >++ ®s\h,k > — , 31, h G 



-<>0, 



32,34 G {0,1}, 



(5.59) 



where >++ and \js,j4 > denote the basis vectors in (xq m+ 2 ) and W l (xq m 2), 

defined in (|B.15|) and (|B.17p . respectively. The parity of these vectors is 

p( w 31,32,33,34) = 32 + 34 (mod 2). 

As usual, we assume that Wj lt j 2 j 3 j 4 = 0, if the indices 31,32,33,34 lie outside the domain specified 
in (15.59p . Taking into account (jB. 15h . (|B.17p and the formula for the co- multiplication (|2.1ip . 
one can find the action of the generators of B+, 



& W 31,32,33,34 
e l W jl,32,33,34 
e 2 w ji ,32 J 3, 3 4, 



W 3l,32+1,33,34 + ( ^J 2( 1 :>1 ' W 31>32,33,34+1> 
1 



T {1 



-31-321 A 



-x (q + Wj 1+ ij 2 -ij 3 j 4 



b'l]%-lJaW4-9 2n J2+33+J4 b'3]w il j 2)j3 _ij 4 ) , 
^ V 1 w 3i,32,33+l,34-l) ' 



(ho, hi,h 2 ) Wji,j 2 ,j 3 ,, 



.74 



(ji + h, -2ji - 32 ~ 2j 3 - 34, ji + 32 + h + k) Wji 



32,33,34, 



It is convenient to define vectors, with the same weights, 



(1) (2) (3) (4) 

W n ,3 = W 3,0,n-j,0 > W n,j = W 3fl,n-j,l , < ,j = W j,l,n-j,0 , < j = ™j,l,n-j,l , 



where < 3 < n, n € Z>q. Introduce the following vectors, 



(5.60) 
(5.61) 



(2) 
'J ■ 
n,3 



(3) 
'J ■ 
n ,3 



(4) 

y • 



-3/2-m \ . 



-k(k-n-2j-2) 



k=0 



w (1) 



q-^/ 2 (q-q- l )\ J ^^—2^3) 

k=0 

-fc(fc-n-2j-2) 

fc=0 



q +3i2-m XjX ^q- 



n 
k 

,( 3 ) 



■U.) 



(2) 



W j+n,k + 



7 2m-2i+fe l(; (2) 



j+n,k', 



(k-n-2j~3) 



k=0 



(4) 



(5.62) 
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where n, j 6 Z>o and Xj = q j2 / 2 (q 1 — g)+ Their parities are given by 

p(<l)=K<l) = i, p(«S)=p(«S) = °- 

The action of ,6+ on these vectors is as follows 



(1) 

e ° V nj 


r .1 (2) (3) 


(i) 

^ V n,j = 




-1' 


(1) 


= o, 


(2) 

e o<j 


-7 (4) 


(2) 




-u 


(2) 




(3) 


= -a:[m-i]uJ3» 


(3) 
e l<j = 




-1" 


(3) 


— _ Tfl m-j-l J 1 ) 


(4) 


= 0, 


(4) 




-1' 


(4) 


— ? / 3 ) _|_ rn m-j-2,.( 2 ) 

— u n,j+l ^ x< i n+l,j 



(5.63a) 



and 



(h ,hi,h 2 ) vfy = ( n + j, -2n-2j, n + j ) v^, 

(h ,h 1 ,h 2 )v i ^ j = ( n + j, -2n-2j-l, n + j + 1 ) v<g, 

(/i >i,M^S = ( ™ + j, -2n-2j-l, n + j + 1 ) u<g, 

{hoMM) "i 4 j = ( ™ + -2n-2j-2, n + j + 2 ) 



(5.63b) 



(2) (3) (4)1 



(5.64) 



Introduce vector spaces 

f (1) (2) (3) (4) 1 00 00 

W 2n , spanned by the vectors j^j, u p j, u p j, Vpj j _ _ q 

W 2n +i, spanned by the vectors {« p +ij, w p+ij> u p j 5 ^i} -„ - 
where n £ Z>o- By construction, 

VF+ + (xg m+ ^) ®, TF"(xg- m -^) = D WW D WW . . . (5.65) 

Examining (15.630 . we find that 

(i) for any n £ Z>o, iy( n+1 ) is an invariant subspace of with respect to the action of 
B+. 

(ii) for any n £ Z>o, the following isomorphisms with respect to the action of ,8+ take place 

Ty( 2n) /Ty( 2n + 1) „ TT^o) (*)[« + ™, «], (5.66) 
H/ (2n+l) /w (2n+2) _ ( x ) [ n + m, n + 1] , (5.67) 

except for that the parities of all the vectors on one side of the second formula, (|5.67p , need 
to be inverted (note that v^j is even and v®j is odd). Remind that the representation 
7r foi,o,o)( I ) is defined in (|B.2|) . 
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Using these results and the identity (|5.1U|) . we obtain 

Str m+ i / m i(z7 ho zZ 2 K) = Str w(0) (z7 ho z% 2 lZ) 



Str W („) / W (n+i) {z l h "z% 2 TZ) 

n=0 

oo oo 

E S K tm00)(x)[n+m ^ h °4 2 K) - EStr ioo)(t)[ ^ lB+1 ,(^^ (5.68) 

n=0 ^ • ' ' n=Q 

oo oo 

' (m,0,0) v ' ' (m,0,0) v ' 



n=0 n=0 



2i 



z 2 7r (m,o,a) ^ 



Then using the definitions (12361) . (l23Tj) . (12381 . (12~59^ . 1373]) . (I53TT) . (l533|) one finally arrive to 
(I5.57P . This completes the proof of the relation (I5.52|) . 

6 Concluding remarks 

The Baxter's Q-operators find many important applications in the theory of integrable quantum 
systems. In this paper we have developed an algebraic theory of the Q-operators for solvable 
models associated with the quantized affine algebra U q (sl(2\l)), extending previously known 
results for U q (sl{2)) [4,5] and U q (al(3)) [53] (see also [76] and [77] for U q (sl(n)) case). 

Our general formalism has been illustrated by two representative cases: the 3-state lattice 
model and a continuous quantum field theory, associated with the AKNS soliton hierarchy. Here 
we assumed a generic value of the deformation parameter q ^ 1. The isotropic case q = 1 can 
be obtained by a more or less straightforward limiting procedure (though requires additional 
considerations, similar to [78]) and will be considered elsewhere. 

Finally, note very useful connections between functional relations in solvable models with 
the theory of the (super) characters and symmetric functions. Namely we refer to the Weyl 
first and second formulae for the Schur functions. Actually, there two different, but related, 
"second" formulae, often called the Jacobi- Trudy and Giambelli formulae, respectively. These 
formulae have super-symmetric generalizations. They are referred to by adding the adjective 
"super-symmetric" to the respective name (except that the super-symmetric analog of the first 
Weyl formula is usually called the Sergeev-Pragacz formula). These connections are discussed 
in the Appendix C. 
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Appendix A. Highest weight representations of U q (gl(2\l)) 

Here we briefly discuss the representation theory of U q (gl(2\l)). Let V = Vq © V\ be a Z 2 
graded vector space with the parity p such that p(v) = (even) for v E Vq and p(v) = 1 (odd) 
for v G V\. There is a basis {vi} of V, called a homogeneous basis, such that Vi G Vq or V{ G V\. 
For any linear operator A G Find(V), its matrix expression in this basis reads Av^ = Y^j v jAjk- 
The supertrace of A is defined as Str.4 = Ej(- 1 ) p( ^ )yl ji- 
A.l Finite-dimensional representations 

In this paper we only need the highest weight representations of U q {gl{2\l)). Any such 
representation can be constructed by the so-called induced module construction, which was 
proposed by Kac [79] for the q = 1 case and generalized to the (/-generic case in [80]. It is built 
on the highest weight vector |0 > 

E 12 |0 >= E 23 |0 >= 0, E» |0 >= m |0 >, z = 1, 2, 3. (A.l) 

with the weight fj, = (^1,^2,^3), where fJ-i, 1^2,^3 G C. The module is finite-dimensional when 
Hi — H2 G Z>o and will be denoted, in this case, as tt^. 

The pair of numbers [61, 62]) where b\ = H\ — ^2 and 62 = ^2 + is called the Kac-Dynkin 
label of 7?^. Note that two modules Ki^^^z) an< ^ ^(m+Vt^+v^z-v)' wnere V * s arbitrary, have the 
same Kac-Dynkinlabel. In general, 7?^ is not an irreducible representation. The corresponding 
irreducible representation, obtained by factoring out a maximal proper invariant subspace of vr^, 
will be denotes as ir^. Sometimes, we will use the notation 7rjf to indicate the parity p of the 
highest weight vector of tt^. There are three types of finite dimensional representations: 

(i) typical representations 

dim 71^ = 4(/ii - fi 2 + 1), (a*2 + /"3)(/"i + /"3 + 1) ¥= °> /ii - /x 2 G Z> , (A.2) 

(ii) class-1 atypical representation, 

dimvr^ = 2(/^i - ^2) + 3, fj,\ + fj, 3 + 1 = 0, fj,\ - £t 2 € Z>_i, (A.3) 

(iii) class-2 atypical representation, 

dim-n^ = 2(// a - // 2 ) + 1, /x 2 + (13 = 0, /xi-^ 2 GZ> . (A.4) 

11 "Workshop and Summer School: From Statistical Mechanics to Conformal and Quantum Field Theory", the 
university of Melbourne, January, 2007 http://www.smft2007.ms.unimelb.edu.au/program/LectureSeries.html ; 
meeting of the Physical Society of Japan, March, 2007; "Physics and Mathematics of interact- 
ing quantum systems in low dimensions", the University of Tokyo (Kashiwa), 24-26 May, 2007 
[MtpT//oshikawa.issp. u-tokyo. ac.jp/pmiqs/poster. html ; La 79eme Rencontre entre physiciens the- 
oriciens et mathematiciens "Supersymmetry and Integrability" , IRMA Strasbourg, June, 2007 
http://www-irma.u-strasbg.fr/article383.html; Annual Statistical Mechanics Meeting, Australian National 
University, December, 2007. 
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Note that the case n\ — ^2 = — 1 in ()A.3|) is special; see (|A.13p below. 

A. 1.1 Typical representations 

Below we present the action of the generators of U q (gl(2\l)) on a basis of tt^. Let 21 = 
H% — ^2 € Z>o- Here we use a (slightly modified) basis from [81]. There are 4 sets of vectors 

tffec^, {wf^cvW {^ 3) }^C^, {«;f}]LoC^, (A.5) 

where F", a = 1,2,3,4 denote the vector spaces spanned by these sets. Below we allow the 
index j to take arbitrary integer values and assume that = 0, if j lies outside the intervals 
specified in (|A.5[> for each value of a = 1,2,3,4. The parities are p(V^) = p(V^) = 0, 
p(V^) = p(V^) = 1. For j £ Z>o, the action of the generators of U q (gl(2\l)) on these vectors 
reads 

(En, E22, E3 
(En, E22, E3 
(En, E22, E3 
(En, E22, E3 
Ei 2 wf = 
E X2 wf = 
E 2 iwf = 
E 21 wf = 



)w« = 


( 


Ml - j, 


M2 + j, M3 ) 


»« 


)wf = 


( 


Mi - i, M2 


-1 + i, Ms + l ) 




\ (3) 


( Ml 


-i-i, 


M2 + J, M3 + 1 ) 


(3) 


\ (4) 


( Mi 


- 1 - j, M2 


-1 + i, Ms + 2 ) 


(4) 
W i 






h,i2Wj — 


bl^i, 




b>fi, 




&l2Wj — 


bK^l, 




[21 - j]wfl 


l' 


E 2 iwf = 


[2Z + l-j>j5i. 






(3) 


tillWj — 


[2/-J>j?i' 




0, 




tj2ZWj 


[/x 2 + M3][2/ + l 
[2Z + 1] 


"J] 



p (3) _ [Ml +M3 + !] (!) F (4) _ [Ml + M3 + 1] (2) [M2 + M 3 ][2/- j] (3) 

^ " [2TTl] 23 ^ " [2/ + 1] [2TTI] ^ ' 

E 32 wf = -wf, E 32 wf = 0, 

Bkiwf = q-^^-q-^wfl+q-^l-ftwf), (A.6) 

E&wf = q- l ~^- 2 ^[2l + l-j]wf\ 

E 3 iwf = q-^-^wfli, E 3lW f = 0, 

F J 1 ** n F g 1+M1+2M3 b"][M2+M3] (l) 

rp (3) g M2+2W [Ml+M3 + l] (1) 

= — [27+1 — ^ ' 

^_(4) _ 1+2M3 f ^ [Ml + M3 + 1] (2) g 1+ ^ bl [M2 + Mg] (3) ] 

13 ^ " 9 1 [21 + 1] W i + [2l + l\ ^- 1 J- 
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Ml! 


M3 




Ml 


-1, 


M3 + 1 


\ ( 2 ) 
) ^0 




Ml! 


M3 + 1 


\ (2) 


Ml 


-1, 


M3 + 2 


\ (4) 
) ™0 



(A.7a) 



The vector is the highest weight vector (denoted as |0 > in (jA.ip ). When the weights 
(/ii, //2j M3) m eet the conditions (|A.2|1 the above formulae define a typical irreducible represen- 
tation TV/j, of the dimension dim7r M = 4(/zi — ^2 + !)• 

A. 1.2 The 4-dimensional typical representation 

The typical representation ir^ 1:fll ^ 3 ) is 4-dimensional; it is spanned by the vectors 
, u>q 2 ^ , w± , . From ()A.6p , one obtains 

(£n, £22, £33) 4 1 ) = ( w , 

(£n, £22,^3) ^0 = ( mi> 

(£11, £22, £33) 4 2) = ( Mi-l, 
{E U ,E 22 ,E 33 ) 4 4) = ( Mi-1, 

£/12 — U> , £/ 2 l ^0 — W l ' 

#23^0 = [Ml+M3Ho , -E23^o 4) = [Ml +M3 + l]^i 2) , 

= 4 2) > E 32 wf ] = 4 4) , (A.7b) 

E13W? = -g 1 +^+ 2 ^[ / u 1+At3 ]4 1 ), E 13 wi 4) = 9 1 +^+ 2 ^[ /Xl + jU3 + l]4 2 ). 

where all other matrix element vanish. 

A. 1.3 Class- 1 atypical representation 

When the weights fall to the case (|A.3[) the module ^(^1,^2,-1-^1) nas an invariant subspace 
(y(3) + y(4)) ; where y(a) {s defined in (Jaj^ T h e factor space ^ (Atl ^ 2 ,-i_ Ml) /(^ (3) + ^ (4) ) 

corresponds to the (2(/xi — /i 2 ) + 3)-dimensional class-1 atypical representation vrj^ ^ _]_ w y 

The action of the generators of f7 g (<7Z(2|l)) is obtained from (|A.6l) by dropping the vectors loj 

and wj 4 ^ . For j € Z>o one obtains 



(En, E22 


,Es3) wf> = ( III 


-j, 


M2 + J, -1 


\ (!) 

- Mi ) w) 


(En , E22 


,E 33 ) = ( m 


- j, M2 - 




\ (2) 

-Mi ) w) 






&12Wj 


= [7>fi, 


E 2 iwf 


= [2l-j] W $ v 


E 2 iwf 


= [2/ + 1 


•1 (2) 

-Jl w j+v 


E 2 zwf ) 


-[2l + l-j]wf\ 


E 32 wf 


(2) 








Ei 3 wf 


= q- 1 -^ 





(Ai 



where 2/ = Hi — ^2 and all other matrix elements vanish. The basis of this representation consists 
of the vectors 

{wf}f =Q C V*\ {«f C V( 2 ). (A.9) 



2 The vector is the highest weight vector when [ix — fiz = — 1. 
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(2) 

Note, that w 2l+1 is the lowest weight vector 

(2) (2) (?) (2) 

E ^ W 2l+l =E ^ W 2l+l = °> (-Ell, ^22,^33)^+1 = (^2-1,^1,-^1)^+1- (A.10) 

Further, for u\ — 112 G Z>i the invariant subspace + y( 4 ) is isomorphic to tt^ 1 _ \, 

(while in the special point /zi — = it is isomorphic to ttI^-i jUl _ 1 i- m ))- 111 this way one 
obtains 

^i.w.-i-MjAiw-i.w-w) ~ ^Slm-i-w)' Mi-M2eZ>!, (A.11) 

^i.m-i-MO/^Si-i.w-i.i-Mi) ~ ^Slw.-i-w)' ^1-^2 = 0. (A.12) 
In the special case fi± — /i2 = —1 the representation ^^+1-^-1] is one-dimensional. It is 

(2) 

spanned by the only vector Wq whose weight is equal to (/zi,/zi, — ^1) and the parity is odd, 

7f( Ml ,l+ w ,-i- Ml ) ^ 7rgj i>Mi (A.13) 

A. 1.4 Class-2 atypical representation 

As before, let V^ a \ a = 1,2,3,4, be the vector spaces, defined in (IA.5j) . In the case (|A,4j) 
the module ^7/^,^2,-^2) * s reducible; it contains an invariant subspace © V^> . The factor 
space vf( A t liAt2i -/ 12 )/(V r ^ 2 ^ © V^) corresponds to the (2(//i — ^2) + l)-dimensional class-2 atypical 
representation ir^ ^ -^2)' ^° ex P nc ^ expressions for its matrix elements, one simply drops 
all vectors and from (|A.6p . For j G Z>o one obtains 

(E U ,E 2 2,E 33 ) wf ] = ( fii-j, 1*2 + 3, -M2 ) , 

(3) (3) 
(-Ell,^22,-E33) = ( /Ul-l-i, /X2+i, -^2 + 1 ) Wj , 



E l2 wf = 



&12Wj 




&2lWj 


= [2i-l-j> 




= b>fi, 


Ei3Wj 





(A.14) 



^i^f = [2/-J>j+i, E 21 wf = [21-1- j]w% 

^23^j — w j+l> 

E 31 wf ] = q^[2l-j]wf\ 
where all other matrix elements vanish. The basis of this representation consists of the vectors 

{ W f}f =0 CV^\ { W f}f- 'CV^, (A.15) 

of the parities are p(u)j ) = and p(w^) = 1. For 21 = m — [12 G Z>i the vector ^f-i ^ s * ne 
lowest weight vector 

^21^2-1 = E ^ W n-l = °> (^11, ^22, ^33)4?-l = (M2, Ml " 1, 1 " M2)4^ r (A.16) 

For [i\ — fi2 = 0, the representation tt^ _ , becomes one dimensional (with the only vector 
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A simple inspection shows that the invariant subspace (V^ (BV^) of 7?^ ^ ,-^ 2 ) * s i somor - 
phic to nfi ^ 1 _ M2 )i just defined in (|A.14|) . Thus, one obtains 

^.WrwlAfiw-W-B) - ^Slw.-w)' fll "' l2e Z ^ (A - 17) 

A. 2 Infinite-dimensional representations of J7 g (pZ(2|l)) 

Below we will not assume any integrality conditions for the difference /j>\—[j,2, unless otherwise 
is explicitly stated. Introduce two types of infinite-dimensional representations by the formulae 
(|A.8p and (|A.14j) assuming that the weights fj>i, H2 G C are now arbitrary and the index j takes 
an infinite number of integer values j = 0, 1, 2, . . . , 00. With these conventions 

(iv) Eq. (|A.8| ) defines a class-1 infinite-dimensional representation ir7 ^ _]_ \, 

(v) Eq. (|A.14p defines a class-2 infinite-dimensional representations 

A. 2.1 Class-1 infinite-dimensional representation 7r7 1 \ 

The action of generators for this representation is defined by (|A.8p . the same formulae as for 
the finite dimensional representation n7 ^ except that the index j now runs infinitely 

many values j G Z>o- The basis consists of the vectors {io^I^Lq and {w^}'jL with the 
parities p{ivp) = 0, p(wj ) = 1. The highest weight vector is . We assume also that 
wf ] = 0, wf ] = 0, if j < 0. 

For generic values of fJ>i,fJ>2 the representation n7 ^ 2 ^ s irreducible. It becomes re- 

ducible iff — £ Z>_i. First consider the main case n± — fJ-2 G ^>o- I n this case tt7 1 * 

contains the class-1 atypical finite dimensional representation 71"^ ^ -1-^1) as an mvar i an t sub- 
space, while the factor-module 

V, W ,-l-Mi)/ 7r Si,«,-l-Mi) - ^-LMi+L-Mi-l)' Ml - € Z >0> ( A - 18 ) 

is isomorphic to the infinite-dimensional class-2 representation 7r J t2 _i w +i briefly de- 

scribed above in the beginning of Sect. IA.2I (see Sect. IA.2.21 for more details). To see this let 
us write basis vectors in the factor module tt7 , i n as v£~ = wyY 01 , -< and 

(/il ,£42,-1— Ml)' (Ati,/X2,-1— Ml) J J+22+1 

(2) (2) 



j = 0, 1, 2, . . . 00. Then from (|A.8P one obtains 



(2) _ / ,. • o .. , 1 , «• .. \ ..(2) 



(E n ,E 2 2,E 33 ) vy = ( m+j + i, -1-/U1 



(E U ,E 2 2,E 33 ) V y> = ( in-j-2, m + l+j, -Mi 



-^12^ — 


b' + JW + lJufi, 




= [j + 2/ + 2]z;f_ ) 1 , 


&2lVj — 


-b' + % ( ?i, 






&23Vj — 






(2) 


&3lVj — 




W „ (2) 


= g- 1_w [7+2Z + 2]t;f ) 



(A.19) 



21 = [i\ — [i 2 and all other matrix elements vanish. It is not difficult to check that (|A.19P becomes 
identical to (|A.14p . provided the quantities fix, fi 2 and 21 in (|A.14j) are replaced with /j, 2 — 1, 
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fj,i + 1 and —2 — 21, respectively, and the basis in (jA.14j) is re-scaled as 



w) L > = [21 + 2] «W / , ™f = / p+» +2 ] • (A.20) 



In the special case (i± — (12 = —I the invariant subspace of n, ^ -1-/41) * s one -dimensional; 
the analog of ()A.18|) reads 

7t7 in/vtI 1 ' v ~ Trf , ,s, jUi — Uo = — 1, (A. 21) 

(^1,^1+1,-^1-1)' (/ii,/ti,-/ti) (^1,^1+1,-^1-1)' f*x A"^ v ; 

A. 2. 2 Class-2 infinite-dimensional representation 7r/~ n 

This representation is defined by (|A.14p . i.e. by the same formulae as for the finite di- 
mensional representation ^(^,^2,-^2)^ exce Pt that the index j now runs infinitely many values 
j G Z>q. The basis consists of the vectors {Wj }^=o an( ^ i w j f^=o w± th the parities p(u>j ) = 0, 
p(Wj 3 ^) = 1- The highest weight vector is wP . We assume also that = 0, = 0, if j < 0. 

For generic values of fii, [12 the representation irf^ ^ ^ is irreducible. It becomes reducible 
iff m — 1x1 G Z>o- In this case it contains the class-2 atypical finite dimensional representation 
7r|°^ s as an invariant subspace, while the factor-module 

<i, M2 , W^EL 2 ,-m 2 ) - V-Lmi+L-w)' 2/ = /ii — //2 G Z> , (A.22) 

is isomorphic to the infinite-dimensional class-1 representation 7r ( At2 _ 1 ^+1 -p 3 y considered above 

in Sect lA.2TTl To see this let us write basis vectors in the factor module irt ^/7^[ ' x 

' ' (puim-im) 1 (a*i.M2,-M2) 

as up = vyp^i+i anCl u j = W ] 3 +2V J = 0' 2, . . . 00. Then from (|A.14p one obtains 
(En,E22,E 33 ) uf> = ( n 2 -j-l, fii+j + 1, -fJ-2 ) uf\ 



(3) (3) 

{E n ,E 2 2, e 33 ) u)' = ( (iq - 1 - j, m + j, -[i 2 + 1 ) uy, 

EuuP = \j + 2l + l]ufl 1 , E X2 uf = [j + 2l] u p i7 

E2iuP = -[J + IWP,, E 2lU p = -\j + l]uP x , 

E 23U p = uP, E 32U p = \j + 2l + l]uf\ 

EsmP = -^ 2 L7 + l]«fi, E 13 uP = q^uP v 



(A.23) 



21 = [i\ — fi2 and all other matrix elements vanish. It is not difficult to check that (|A.23P becomes 
identical to (|A,8h . provided the quantities fj,%, [12 and 21 in (|A.8h are replaced with fi? — 1, fJ>i + 1 
and —2 — 21, respectively, and the basis in (|A.8[) is re-scaled as 

wP = uP I P+J+ 1 ] , wP = [21 + 1] uP I pf ] . (A.24) 



Appendix B. Representations of the Borel subalgebra 

B + (U q (7l(2\l))) 
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First we will consider the evaluation representations of £>+, based on a composition of the 
evaluation map (|2.28p and the representations of the (non-amne) algebra U (gl (2\1)), described 
in the previous subsections. Next we will consider representations obtained by the composition 
of the maps (|5,lip with the Fock representations of the oscillator algebras (|2.48p and (|2.49p . 
This leads to the following set of representations (which are all used in this paper) 

• Finite dimensional representations 

(I) typical 7T( WjjUljAt3 )(a;), dim = 4, 

(II) class-1 atypical ^^2,-^-1) dim = 2(/ii - /x 2 ) +3, (n - ji 2 € Z>_i, 

(III) class-2 atypical 7r Ml)At2 _ M2 (ar), dim = 2(/zi - /i 2 ) + 1, Ml - M2 € Z> , 

(IV) oscillator- type Ws(x) and W^(x), dim = 4. 

• infinite-dimensional representations 
(V) class-1 atypical 7r ( ~ 1)M2 

(VI) class-2 atypical vr+ ^ 2 _ M2 (x), 
(VII) oscillator-type Wi(z), Wy{x), W 2 {x), W 2 (x). 

Remark: There is a trivial isomorphism involving a shift of the spectral parameter for any 
evaluation representation V( UlV2V3 -\(x) of B+ with spectral parameter x and the highest weight 
(^1,^2,^3) 

V (ui,u 2 ,u 3 ){x) ~ V( I/1+r)jJ/2+ ^ )i/3 _ r) )(a;g _ ' 7 ). (B.l) 
B.l Atypical representations of £>+ 

B.l.l Class 2 representations 

Let us start from the class-2 representations. Both the finite dimensional 7r^ lj ^ 2j _^ 2 (x) ; 
Hi — \x 2 S Z>o, and the infinite-dimensional irf _ dx), u\ — u 2 € C, representations are 
defined by the same formulae (which follow from (|2.28p and (|A.14[) ) 

{hvMM) wf = ( j-2l, 21 -2j, j )wf\ 
(h 0l h u h 2 ) wf = ( j - 21, 21 -2j-l, j + 1 ) wf\ 
e w^ = -xq^[2l - j]wf\ e\wy = \j]wf\, e 2 wf> = 0, 

(3) n ( 3 ) r-1 (3) (3) (1) [ ' ' 

e w\ = 0, eiioj = \j\w)S v e 2 w) = w^ v 

where 21 = \x\ — fi 2 and wjj. = = if k < 0. The parity of the vectors is p(wj) = 

fr>\ 

and p(wj ) = 1. The index j takes any non- negative integer values j G Z>o in the infinite- 
dimensional case and a restricted finite set of values in finite dimensional case, corresponding to 
the basis vectors (|A.15p . 

B.1.2 Class 1 representations 

Both the finite dimensional vr(^ 1 ^ 2 _^ 1 _ 1 )(x), with /Ui — ^2 £ ^>-ij and the infinite- 
dimensional 7rjT ^ 2 _^ 1 _ 1 n(z), with jUi— /Lt2 £ C, representations are defined by the same formulae 
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(which follow from (127251) and ([Oft ) 

(h , hxM) wf = ( j + 1, 2/ - 2j, -2/ + j - 1 ) 
(/to, fo, ha) wf = ( j, 21 - 2j + 1, -2i + j - 1 ) wf, 

(1) ui+l ( 2 ) C 1 ) r-1 (!) (!) n 

(2) n (2) M (2) (2) ro , . 1 (1) ( ^ B ' 3 ' ) 

where I = (/ii — //2)/2; = tu^ = if ^ ^>o- The parity of the vectors is piw^) = 

(2) 

and p(iUj ) = 1. The index j takes any non- negative integer values j G Z>o in the infinite- 
dimensional case and a restricted finite set of values in finite dimensional case, corresponding to 
the basis vectors (|A.9[) . 

B.1.3 Reductions 

For integer values of fx\ — ^2 the infinite dimensional representations (x) and 

7r7 _ -.Ax) become reducible. Namely, it follows from (IA.18K . (IA.21I) and (IA.22I) that 



7T 



(Ml>A»2,-/i2) v ;/ (Mi,M2,— M2J v ' 1^2— l,A*i+l,— M2) v 



7T, -,^(x)/7r[ -nfx) — 7T^ , . -, -tn(x), (B.4) 

(MiiA*2,-/ii-l) v ;/ Uti,^2,-^i-l) v ; (^ 2 -l,Ati+l,-W-l) v ; ' v y 

(/ii,/Lti+l,-/ii-l)V // (|ti,/<i,-AeiJ\ ' (/ii,//i+l,-/ii-l)V /' 

where fJ>i,fJ>2 G C, and — ^2^ %>o- 
B.1.4 Symmetry 

There is a correspondence 

<T02k^ b] ,(x)l ~vr7 [ ^ pl ,(g 2M2 x) (B.5) 

UZL (Ml,M2,-^2j V /J (-l-M2,-^l,/i2) Vy ; V ; 

under the symmetry transformation 002 discussed in Section [5,lt p = 0, 1 (mod 2). 

B.2 Typical representation of B + 

The 4-dimensional representation ^( l i 1 , l i 1 ,i_i 3 )(x), fJ>i,fJ>3 £ C, is obtained by the composition of 

the map (|2.28|) with the relations (|A.7|) . It is spanned by four basis vectors Wq , Wq ,Wq . 

Explicitly, one obtains 

(h ,hi,h 2 ) wjp = ( -/ii-A*3, 0, Ml + A*3 ) Wq\ 



(2) (2) 

{h ,hi,h 2 )wy = ( -fix-fis-l, 1, + ) w v 

(2) (2) 

{h ,hi,h 2 ) w\' = ( -^1-^3, -1, ^1 + ^3 + 1 ) w\ 

(h ,hi,h 2 ) u>q 4) = ( -Mi ~A*3-1, 0, /Ui + ^3 + 1 ) itf , 

(2) (2) (2) r n (1) (4) r . . , } (2) 



(B.6a) 



(B.6b) 
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where all omitted matrix elements vanish. The parities of the vectors read p(w^) = p(w^) = 0, 

(2) (2) 

p(w ) = p(w\ ) = 1. The representation is irreducible, except when (fii + [13) = 0, —1. In the 
latter case one obtains^) 

^I^i.-W)^)/^^-!,!-^)^) ~ ^.Mi.-Mi)^' ^1 + M3 = 0, (B.7) 

,-i-w)( a; )/ 7r Si-i I w-i,i-w)^^ - ^Slmi.-i-m)^' ^1 + ^ = -1- (B.8) 
B.3 Oscillator representations of £>+ 

Here we list explicit forms of the basis for the Fock representations introduced in section 
(a) module Wi (x) based on ^[(x), 

\m,n> ++ = (b{) m (f^) n \0 >++, m G Z> , n € {0, 1}, 
eo|m,n> ++ = |m, n— 1 > ++ , 

ei|m, n> ++ = q~ n \m + 1, n >++, (B.9) 



:(1 - g- 2m )x, 
(ff 



e2|m,n> ++ = \m — l,n + l>_ 



(ho, h\, h2)\m, n >++ = (— m, 2m + n, — m — n)\m, n >++, 
where | — 1, n >++= \m, —1 >++= \m, 2 >++= and p(\m, n >++) = n (mod 2). 

(b) module W 2 (x) based on ~f7 2 (x), 

|m,n>__ = (/ 1 + ) m (6+)"|0 >__, mE {0,1}, n£Z> , 

q2(q n -q- n )x 

eo\m,n> — = — t-k — \m + l,n — 1> — , 

(g-g- 1 ) 2 

ei\m,n> = |m,n+l> , (B.10) 

e2\m,n> = q n \m — l,n> , 

(ho,hi,h2)\m,n > = (— m — n, m + In, — n)\m, n > , 

where | — 1, n > = |2, n > = \m, —1 > = and p(\m, n > ) = m (mod 2). 

(c) module W 3 (x) based on ~p' 3 (x), 

\m,n>. + = (ffrtfzT |0 >_+, m,nG{0,l}, 
eo|m,n>_ + = q n \m — 1, n >_+, 



- n -2 Xl 



ei\m,n>-+ = (-l) m+i ^ —\m + 1, n + 1 >_+, (B.ll) 

q-q 

e2\m,n> |_ = (— l) m |m, n — 1 > 

(ho, hi, h2)\m, n >_+ = (— n, m + n, — m)\m, n >_+, 



13 Note that we are using the symbol 7r instead of 7r, despite the representation is reducible at these special 
points. 

53 



where | — 1, n > |_= |2, n > h = \m, — 1 > |_= \m, 2 > |_= and p(\m, n > |_) = m + n 

(mod 2). 

(d) module W l (x) based on p[(x), 

|m,n>__ = (6+) m (/+)"|0 >__, meZ> , n £ {0, 1}, 
eo\m,n> = \m,n— 1> , 

ei\m,n> = q n \m + l,n> , (B.12) 

q- n - 1 2(l-q 2m )x l 

e-i\m,n> = ; t-k \m — l,n+l> , 

(q-q~ v ) 2 

(ho, hi, h 2 )\m, n > = (— m, 2m + n, — m — n)\m, n > , 

where | — 1, n > = \m, — 1 > = \m, 2 > = and p(\m, n > ) = n (mod 2). 

(e) module W 2 ++ (x) based on p' 2 (x) 

\m,n> ++ = (fi) m (b 2 -) n \0> ++ , mG {0,1}, n G Z> , 

q-^(q n - q~ n )x 

eo\m,n> ++ = ; ^ — \m + l,n — 1 >++, 

(q-q- 1 ) 2 

ei\m,n> ++ = \m,n + l> ++ , (B.13) 
e 2 \m, n> ++ = q~ n \m — 1, n >++, 
(ft-O) ^2)|^, w >++ = (—m — n,m + 2n,—n)\m,n> ++ , 
where | — 1, n >++= |2, n >++= |m, —1 >++= and p(\m, n >++) = m (mod 2). 

(f) mudule W% (x) based on p' 3 (x) 

|m,n>+_ = (/r) m (/ 2 + ) n |0 >+_, m,nG{0,l}, 
eo|m,n> + _ = g _n |m — 1, n >+_, 

ei\m,n> + - = (-l) m - T \m + 1, n + 1 >+_, (B.14) 

9-9 

e2|m,n>^ = (— l) m |m, n — 1 >_| , 

(/i0) hi, h2)\m, n > H = (— n, m + n, — m)\m, n > H , 

where | — 1, n >_| = |2, n >_| = \m, — 1 >_| = \m, 2 >_| = and p(|m, n >^ ) = m + n 

(mod 2). 
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(g) module W l (x) based on Pi(x) 

|m,n>__ = (bl) m (f+) n \0 >__, m£Z> , n £ {0, 1}, 

eo\m,n> = \m,n + l> , 

qiri+n r m i 

ei\m,n> = =-|m— l,n> , (B.15) 

_ i 

e2|m,n> = — g 2x|m + l,n — 1> , 

(/tOi h2)\m, n > = (m, — 2m — n, m + n)|m, n > , 

where | — 1, n > = \m, — 1 > = \m, 2 > = and p(\m, n > ) = n (mod 2). 

(h) module W^" + (a;) based on ~p' 2 ( x ) 

\m,n> ++ = (f-) m (b-) n \0> ++ , mG {0,1}, n € Z> , 

eo\m,n> ++ = — q n+ 2 x\m — 1, n + 1 >++, 
q~ n Wi\ 

ei\m,n> ++ = -|m,n— 1> ++ , (B.16) 

q-q 1 

e2\m,n> ++ = q~ n \m + 1, n >++, 
(^0j ^l, ^2)|^, n >++ = (m + n, —m — 2n,n)\m,n > ++ , 
where | — 1, n >++= |2, n >++= \m, — 1 >++= and p(\m, n >++) = m (mod 2). 

(i) module W^ + (x) based on p[(x) 

\m,n> ++ = (6j-) m (/ 2 -) n |0 >++, m G Z> , ne{0,l}, 
eo|m, n> ++ = |m, n + l> ++ , 
q~ m ~ n [m] l 

ei\m,n> ++ = — j— \m — 1, n >++, (B.17) 

1 

e2|m,n> ++ = — (px|m + 1, n — 1 >++, 
(ho, hih2)\m, n >++ = (m, — 2m — n, m + n)|m, n >++, (B.18) 
where | — 1, n >++= |m, —1 >++= \m, 2 >++= and p(\m, n >++) = n (mod 2). 
(j) module W 2 (x) based on p 2 (x) 

|m,n>__ = (/+r(6+) n |0 >__, mG {0,1}, n G Z> , 

eo|m,n> = — q~ n ~^x\m — 1, n + 1 > , 

ei\m,n> = -\m,n — l> , (B.19) 

q-q- 1 

e2\m,n> = q n \m + l,n> , 

(ho, hi, h 2 )\m,n > = (m + n, — m — 2n, n)\m, n > , 

where | — 1, n > = |2, n > = \m, —1 > = and p(\m, n > ) = m (mod 2). 

55 



Figure 1: The Young diagram with the shape fi = (3 2 , 2, l 2 ). 

Appendix C. Quantum affine superalgebra analogue of the first 
and second Weyl formulae 

The so-called Bazhanov-Reshetikhin formula [82] is a determinant expression of the eigen- 
value of the transfer matrix for the fusion model for U q {sl{m)). This formula allows a super- 
symmetric generalization for U q (sl(m\n)), which may be called the "quantum super symmetric 
Jacobi-Trudi and Giambelli formula" g3D and (EXT2j) [33-35] (see also [83] for U g (B^) case). 
This is a quantum affine superalgebra analogue of the second Weyl formula for the transfer 
matrices. It is natural to consider an analogue of the first Weyl formula. Weyl first formula 
for the superalgebra gl(m\n) is often called "Sergeev-Pragacz formula" in mathematical liter- 
ature [85,86] (see ()C.3ip ). Eqs. (|C.15|) - (|C.18p are quantum affine superalgebra analogue of the 
Sergeev-Pragacz formula. 

C.l Partitions, Young diagrams and admissible tableaux. 

Introduce notations for the integer partitions and Young diagrams (see, e.g., [87] for addi- 
tional details). A partition is a sequence of integers fi = (/ii, fi2, • • • ) such that /ii > fj>2 > • • • > 0. 
Repeated entries k,k, . . . ,k of the same integer k in the partition can be abbreviated as k mk , 
where denotes the corresponding multiplicity. Two partitions are regarded equivalent if all 
their non-zero elements coincide. For example, (3,3,2,1,1,0,0) = (3,3,2,1,1) = (3 2 ,2,1 2 ). 
Partitions can be visualized by Young diagrams, formed by rows of identical square boxes in 
the plane. The Young diagram fj,, corresponding to a partition fj,, has [i^ boxes in the fc-th row, 
see Fig. [TJ Individual boxes are referred to by integer coordinates € Z 2 , where the row 

index i increases downwards while the column index j increases from left to right. The top left 
corner of fi has coordinates (1, 1). The partition // = /j,' 2 , . . . ) is called conjugate of fj,, where 
fj/j is defined as the maximal integer k such that fj,j- > j. The Young diagrams for conjugated 
partitions are obtained from each other by the transposition of rows and columns, as in example 
in Fig. [21 

Let A = (Ax, A2, • • • ) and \x = (/ii, n%, . . . ) be two partitions such that /ij > \ : i = 1, 2, . . . 
and A^/ = A^ = 0. We denote a skew- Young diagram defined by these two partitions as A C \i. 
This is the domain obtained by the subtraction /i — A as in the example in Fig. [3l If A is an 
empty set cf), then AC/i coincides with fi. Individual boxes on the skew- Young diagram A C fi 
are referred to by their coordinates on \i. 

Next, define a space of admissible tableaux Tab(i^) on a (skew) Young diagram v. In each 
box of the diagram write an integer tij. An admissible tableau (or, simply, a tableau) 

t G Tab(i^) is a set of integers t = {tjk}(j,k)ev, where all tjk G B = {1,2,3} = B + U £?_, 
B + = {1,2}, i?_ = {3}, satisfy the conditions 
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Figure 2: The Young diagram for the partition \J = (5, 3, 2), conjugated to /i = (3 2 , 2, l 2 ). 



Figure 3: The skew Young diagram A C fi with A = (2, 1) and /i = (3 2 , 2, l 2 ). 

(i) tjk < tj+i,ki tj,k+i 

(ii) tjk < tj,k+\ if tjk £ -B_ or i^fc+i G f?_ 

(iii) tjfc < tj+l,k if *j'fc G -S+ or tj+l,k G 

Fig. H] shows all admissible tableaux for the skew Young diagram A C fx with A = (l 2 ) and 
M=(2 S ). 

C.2 Q-operators 

Now recall the Q-operators Aj(x) and A,(x) defined in (|2.56|) and (|2.58p . They satisfy the 
functional relations of Sect l5,31 When written in terms of Aj(x) and Aj(x) these relations have 



2 
3 
3 



1 

3 
3 



2 
3 
3 



Figure 4: All admissible tableaux for the skew- Young diagram A C fi with A = (l 2 ) and /j, = (2 3 
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the form 

i i 

c 21 A 3 (x) = g) 5 M^Mxq' 1 )- (j-yAiixq-^Mxq), (C.l) 

c 12 A 3 (x) = A 1 (xq)A 2 (xq- 1 ) - A 1 (xq- 1 )A 2 (xq), (C.2) 

c 13 A 1 (x)A 3 (x) = X 2 (xg)- ^VXaCxg- 1 ), (C.3) 

c 23 A 2 (x)A 3 (x) = fjV Ai^g" 1 ), (C.4) 

i i 

c^Ai^Ag^) = A 2 {xq- 1 ) - (^) 2 A 2 (xq), (C.5) 

c 23 A 2 (x)A 3 (x) = (J) 2 AiCxg- 1 ) - f jy Axixq). (C.6) 



where the quantities zi,z 2 ,z 3 , defined in (|2.38j) . are constant (x-independent) operators, satis- 
fying the relation z\z 2 z^~ l = 1. 

C.3 Higher transfer matrices and sums over tableaux 

Define operator-valued functions 

3 5 1 1 

Ai(a;g-5) Ai(xg2)A 3 (a;g-2) A 3 (xg~2) 

«¥(l,a;)=2i — — , <Y(2,x)=2i 2 — T — , #(3,:c) = 23 g— , (C.7) 

Ai(a?ga) A\(xq2 )A 3 (x<p ) A 3 (xga) 

of the spectral variable x € C. Remind, that all the operators, appearing in (|C.ll) - (|C.7I) . are 
commutative. For any skew Young diagram v define an operator 

^( x ) = E II (-l^XiU&xq-^-** 2 *), (C.8) 

where the sum is taken over all admissible tableaux, and the product is taken over all boxes of 
the Young diagram v. The parities are p(l) = p(2) = 0, p(3) = 1 and the integers v\, u[ for a 
skew diagram v = A C \i are defined as v\ = fj,\, i/{ = For example for the diagram in Fig.[H 
one has from (|C,8P 

•^(l 2 )C(23)(^) = 

-X(l, xq- 3 )X(l, xq 3 )X(2, xq)X(3, xq" 1 ) + X{1, xq~ 3 )X(l, xq 3 )X(3, xq)X(3, xq' 1 ) 

+X(1, xq- 3 )X(2, xq 3 )X(3, xq)X(3, xq" 1 ) - X{1, xq~ 3 )X{3, xq 3 )X(3, xq)X(3, xq' 1 ) (C.9) 

-X(2, xq~ 3 )X(l, xq 3 )X(2, xq)X(3, xq- 1 ) + X(2, xq~ 3 )X(l, xq 3 )X(3, xq)X(3, xq' 1 ) 

+X(2, xq~ 3 )X(2, xq 3 )X(3, xq)X(3, xq' 1 ) - X(2, xq~ 3 )X(3, xq 3 )X(3, xq)X(3, xq' 1 ). 

Note, that since Ai(0) = A 3 (0) = 1, Ea. (la8ll with x = reduces to the super-character formula 
(the supersymmetric Shur function) 

s w ( Z1 ,z 2 \z 3 )= yi n (- i ) p(tij) ^ (c- 10 ) 
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for the classical super-algebra gl(2\l). 

An important feature of Eq, (|C.8|) is that it defines an entire function of x (the pole terms 
cancel out due to the Bethe Ansatz equations (11, 8h , see [33-35] ) . It is expected that this formula 
defines the most general (higher) transfer matrix, associated with U q (sl(2\l)). For example, the 
quantity ^^(x) (for the simplest diagram v = (1), consisting of one square) exactly coincides 
with one of the six expressions (|3.1ip for the fundamental transfer matrix T(x). The general 
statement will be formulated in the Conjecture Q] below, but before that let us discuss some 
other properties of (|C,8h . 

Note that sum over the tableaux expressions, like (|C,8p . arise also in the theory of character 
for quantum affine algebras [88,89]. 

C.4 Bazhanov-Reshetikhin formulae 

The definition (|C.8j) implies the following determinant identities 

W*) = , det (C .H) 
= ^det^ (^._ Ai+i _ i) (x 9 -wM+«+A i -i-i+i ))j (C . 12) 

where ^"(10) = ^(o) = 1 and .F(ia) = F( a ) = for a < 0. For example, for the same operator as 
in (|C.9P one obtains 

W>M - (c,3) 

f F {1) (xq 3 ) 1 \ 

= det F (2) (xq 2 ) F{l)(xq) 1 . (C.14) 

\ (x) F^lxq- 1 ) T {2 ){xq- 2 ) ) 

The determinant representations (jC.lip . (|C.12p for the algebra U q (sl(m)) with A = <f> were 
first obtained by Bazhanov and Reshetikhin in [82]. For the relevant here case of U q (sl(m\n)) 
these representations were generalized in [33] (see, also [34,35]). 

The fact that (ICTHj) implies the relations ([CTTT]) - ([ai2|l is a combinatorial theorem which can 
be proven by induction on the size of the determinants fi\ or (this theorem mentioned in [83] 
in the same context for U q (Br) case). In the case x = the above determinant expressions 
reduce to the super-symmetric Jacobi-Trudi and Giambelli formulae for the characters of gl(2\l) 
(or the second Weyl formula). On the other hand, the fact that the tableau sum (or the related 
determinant formulae (|C.lip or (|C,12p ) exactly coincides with a higher transfer matrix is a 
non-trivial statement. Obviously, to prove this one needs to connect (]C.8p with the definition of 
transfer matrices by using algebraic properties of representations of the quantum affine algebra 
(or the corresponding Yangian in the rational case q = 1) in the auxiliary space. 

So far the formulae (jC.lip or (|C,12p have been proven only for a few cases: (i) for U q (sl(2)) 
[84], (ii) for U q (sl(3)) with an arbitrary quantum space [53] and (iii) for the Yangian case 
Y(gl(m\n)), corresponding to q = 1, but when the quantum space is a tensor product of the 
fundamental (m + n)-dimensional representations. In all cases only non-ske'vJHI diagrams (with 
A = 0) were considered. 

C.5 Quantum affine analogue of the first Weyl formula 

14 The evaluation representations considered here obviously connected with non-skew diagrams as well. 
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Here we consider quantum affine analogues of the first Weyl formula for the characters. 
Such representations for the T-operators were first introduced in [4] for U q {sl{2)) and in [53] for 
U q (sl(3)). Examples of such representations for U q (sl(2\l)) are the Wronskian-like expressions 
(|3.9|) and (I3.10p . considered in the main text. Here it is convenient to rewrite them in terms of 
of Ai(x) and Ai(x), 

Tg)( x ) = ^z^A 1 (xq m+ ^)A 1 (xq- m - 1 2)-^z^A 2 {xq m H)A 2 (xq- m -^), (C.15) 

Tg\x) = c 13 c 23 z^ +h A 3 (xq- m -^)A 3 (xq m+1 2). (C.16) 
For any mi,m 2 ,m 3 £ C, define the following functions 



T, Jt)-( T) m 3 +1 31 23 ~ 2 

^12 



xL 2 z 2 2 A 1 (x^ mi - m3 -2)A 2 (xg mi - 2m2 - m3+ 2) (C.17) 
L+ %(xg mi - 2m2 - m3+ 5)A 2 (^- mi - m3 -|))A 3 (x 9 mi+m3+ 5), 



2 



, , Cm m l+ m 3 
rf ( r ) — ( 1^3 + 1 ^1^23 2 

C12 



( m 1 +m 3 -m 1 +2m 2 +m 3 „ 

z x 2 z 2 2 A 1 (xq mi+m3+ 2)A 2 (xq- mi+2m2+m3 -2) (C.18) 

-m 1 +2m 2 +m 3 m[+m 3 . . 

-zj 2 z 2 2 A^xg-^+^+^-^As^^+^+^jAs^-" 11 -™ 3 " 2 ), 



where = (zj — Zj) / (ziZj)? . They obey the following symmetry relations 

^"(mi,m2,m3)(' ) ') ( 1) ^"(mi +m3 ,m2 +n»3 ,0) ) i (C.19) 

^(r?ii,m2,rri3) 0^) ( — -U 3 ^(mi+m3, 7712+013, 0) ■ (C.20) 

From (fCTT ]) - ([(l6"j) it follows, that in a particular case, when mi = m 2 = m G C the expressions 
(ftXlTl) and (fCTl8|l reduce to 

r {m „ ) (x)=T {m „ ) (x) = (-l) m3+1 C2 3C3 1 z 3 m+m3+ ^A3(x g - m - m3 -i)A3(x (? m+m3+ i). (C.21) 
Comparing this with (|3.10p one concludes, 

Tg\x)=T im>mfl) (x) . (C.22) 

Similarly, 

T&Hxq-^-T^x) = T (mA0) (x) (C.23) 

TW(^)-T« +1 (x) = T (mA0 )(x). (C.24) 
For the general case we have the following 
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Conjecture 1 For mi, 777,2, 777,3, mi — mi £ Z>o and {mi + 777,3) 7^ 0, the expressions (Cll) 
and &C.18\) can be written as tableau sums 

^(mi.ma.ms)^) = jr (( mi _l)™3, mi - m2 ) C (mf 3+2 )( X )' (C.25) 
Vi>™2,ra3)( 3 ') = ^ r {m 1 ,m 2 ,l m 3){ x )- l (C.26) 



and, similarly, 

T«(z) = F [m) {x), meZ> . (C.27) 

We conviced ourselves in the validity of the these relations by numerous checks for particular 
values of m, rai, ?77 2 , 7773. Apparently there exist an elementary general proof, which we postpone 
for the future work. For example for (771-1,7712,7113) = (2, 1, 1), one has 

^(2,1, i)0) = -^(lMK^O) =-7 r (i2 )c(2 3 ) (x), (C.28) 

%l,l)O0 = -^(2,1,11)0*0 =J r (2, 1 2 ) {x). (C.29) 
From IX221) and (IU361) it follows that 

T m(x) = F( m ,m,0)(%), 777 e Z> . (C.30) 

The relations and (1CT271) and (1CT301) provide one with the tableau sum (and, thus, the 
determinant expressions ([Clip . (|C.12p ) for the T-operators (|C.15P and ()C.16p . Remind that 
the later were derived form the ab initio definition of Sect. 12.21 This is the main result in this 
section. 

The gl(m\n) analog of the first Weyl formula is called the Sergeev-Pragacz formula [85,86]. 
It gives an alternative representation of the super symmetric Shur function, in addition to the 
tableau sum formula of the type (|C.10p . Let /j be a (non-skew) partition, then 1^1 



S^(xi, . . . , Xmlui, . . . , y n ) 







m—X 


n-1 




Yl s s n (°") 


a 




-i TT n- 
11 ^ 


_j n 0* - yj) 






i=l 


i=i 


(«j)G7i 



Y[(xi - xj) Y\[yi - yj] 

i<j i<j 



(C.31) 



where the third product in the numerator is taken over all boxes (i, j) S /j of the Young diagram 
/i. It is assumed that Xj = 0if7>?7i + 1 and yj = if j > n + 1. The symbol S m (resp. S n ) 
denotes the symmetric group of order m (resp. 77). The notation a[. . .] stands for the action of 
the permutation a on the variables an, ... , x m , y\,...,y n inside the square brackets. 

When the spectral parameter vanishes, x = 0, the Wronskian type relations (|C.15P and 
(IC.16p . connecting T- and Q-operators, reduce to the gl(2\l) Sergeev-Pragacz formula with 
x\ = zi, xi = zi and y\ =23. Note that a similar statement [63] holds also for any quantum 
affine superalgebra U q {sl{m\n)) with arbitrary 777 and n. 



The sign of the variables y\, . . . , y„ in [85,86] is opposite to our definition. 



61 



Appendix D. Expansion of the universal R-matrix 

The third order in ej term in the expansion (|2.19p of the reduced universal i?-matrix read 
0(ef ) term in = 



' 1 "?^/i 3 + g(9-9" 1 ) 2 (eoeie ® s /o/i/o + e2eie 2 ® s / 2 /i/2) 



[2] [3] 

+ 9 X (9 - 9 1 ) 2 (eoe 2 e ® s /0/2/0 + e 2 e e 2 ®s /2/0/2) 
(q — 9 -1 ) 2 

+ TTyi Yl ^ e ^' e i 05 fofl + ^ e ? e i ®* /l/i - [2]eiej-ei ® s /i/j/i) 

91 J i£{0,2} 

+ (9 " 9 _1 ){eoeie2 8> s (?[2]/o/i/ 2 - 9/0/2/1 - 9/1/0/2 + /1/2/0 + /2/0/1 - H/2/1/0) (D.l) 
+ e 2 eie ® s (g[2]/ 2 /i/ - 9/2/0/1 - 9/1/2/0 + /1/0/2 + /0/2/1 - [2]/o/i/ 2 ) 
+ e e 2 ei ® s ( - 9/0/1/2 + /1/0/2 - 9/2/0/1 + /2/1/0) 
+ e 2 e ei ® s ( - 9/2/1/0 + /1/2/0 - 9/0/2/1 + /0/1/2) 
+ eie e 2 ® s (-9/0/1/2 + /0/2/1 - 9/1/2/0 + /2/1/0) 

+ eie 2 e ® s (-9/2/1/0 + /2/0/1 - 9/1/0/2 + /o/i/ 2 )}- 

On the other hand the expansion of the CFT L-operator (|4.15p reads 



C = VexpyJ Z{u)duj (D.2) 
= 1+ Z(u)du + Z(ui)Z(u 2 )du 1 du 2 ^ , (D.3) 

J J U\~>U2 

Z{u) = e ® s V (u) + ei ® s Vi(w) + e 2 ® s V 2 (u) (D.4) 
where Z{u) is defined in (|4.15p . Introduce the ordered integrals 



J(h,i2,- ■ ■ ,in) = Vi 1 (u 1 )Vi 2 (u 2 )---Vi n {u n )duidu2---du n . (D.5) 

Then the products of the vertex operators ([4.140 can be written as 

h = -^^pr^ 1 ), (D.6) 

/? = ^Lj(i > i )i (D.7) 

A 8 — 7^^3^(1,1,1), (D.8) 
(9-9 T 
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/o/i/o 
/2/1/2 



0/2/0 



2/0/2 



(q 


-q~ 1 ) 2 




q- 1 


(9 


-q- 1 ) 2 




q 


(q 


_ g -l)2 






(9 


_ g -l)2 



1^-7(2,1,2), 



172^(0,2,0), 




[2] 



(q 



-1\3 



[2] 



(q-q- 1 ) 



1\3 



q 
1 



q 
1 



1 

2 

PI 



1 

2 

PI 
1 



r 1 
1 



J(0,1,1) 
J(1,0,1) 
J(1,1,0) 

J(2,l,l) 
J(l,2,l) 
J(l,l,2) 



(D.9) 

(D.10) 
(D.ll) 
(D.12) 

(D.13) 
(D.14) 



Determinant of the above matrix is 0. The Serre relations (|2.5]1 for {/,} follows immediately. 
Then one can derive 



9/0/1 - /1/0/1 
9/1/0 - /1/0/1 
9/2/1 - /1/2/1 
9/1/2 - /1/2/1 



9[2] 


(9 


-9- 1 ) 2 




9[2] 


(9 


-9- 1 ) 2 




9[2] 


(9 


_ g -l)2 




9[2] 


(9 


-9- 1 ) 2 



J(0,1,1) + 
J(1,1,0) + 
J(2,l,l) + 
.7(1,1,2) + 



[2] 

.7(1,0,1) 

[2] 

■7(1,2,1) 
[2] 

■/(I, 2,1) 
[2] 



(D.15) 
(D.16) 
(D.17) 
(D.18) 



Thanks to the Serre relations (|2.5p for {e^} one can derive 



(8) s J(j, 1, 1) + eiej-ei <g> s J(l, j, 1) + e^- (g) s J(l, 1, j) 

-1\2 



e j e l 



n , ^(1,^,1) ^ , 2 ^ f Th 1 J(l,j,l) 

■7tfiM) + J +ei6j ' 05 I J (1'1'J) + 



(9 



9[2] 
(q-q- 1 ) 2 



9[2] 



[2] 

{ejej ® s (g/y/f - /i/j/i) + e\ej ® s (qfffj - fifth)] 
(qejej ® s fjf 2 + qe\ej ® s fffj - [2]eieje\ ® a /i/j/i), 



(D.19) 



where j £ {0, 2}. We also have 



/ /0/1/2 \ 






( ^ 


-9 


-9 9 2 


9 2 9 \ 




( .7(0,1,2) \ 


/0/2/1 






-9 


-9 2 


-1 9 


g 3 q 2 




J(0,2,l) 


/1/0/2 


1 




-9 


-1 


_q2 ^3 


2 

9 9 




J(l,0,2) 


/1/2/0 


9 2 (9 - 9 


-1)3 


9 2 


9 


q 3 —q 2 


-1 -q 




J(l,2,0) 


/2/0/1 






9 2 


9 3 


q -1 


2 

-9 -9 




J(2,0,l) 


V /2/1/0 / 






V 9 


9 2 


9 2 -9 


-9 ~q 2 ) 




V .7(2,1,0) / 



(D.20) 
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This relation is invertible. Now one can show that the third order term in (|D.4|) 

- 2 2 2 

/ Z(ui)Z(n 2 )Z(u 3 )dn 1 du 2 (in3 = J] £ ^{-iy(h)p{n)+p{h)p(h)+p(h)p{h) 

y ui >« 2 >« 3 il=0 j 2 =oi 3 =o 

xe h e h e h®s \ Vj 1 (ui)Vj 2 (u2)Vj 3 (u 3 )duidu2du 3 , (D-21) 

exactly coincide with (jD.ip , 
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